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Introduction

Number Theory is a branch of mathematics that study problems involving inte-
gers

Z ={0,+1,42 +3,---}.

We list several examples of such problems.

DEFINITION 1.1 An integer s is called a perfect square if it is of the form
s = m? for some integer m.

EXAMPLE 1.1 Determine all integers which can be expressed as a sum of two
perfect squares.

EXAMPLE 1.2 Determine the most general solutions of 2% + y? = 22 where
x,Yy,2 € 4.

REMARK 1.1 The triplet (z,y,2) with x,y,z € Z satisfying 2% + y? = 22 is

called a Pythagorean triplet.

EXAMPLE 1.3 Let n > 3. There is no three positive integers x,y and z that
satisfy the equation x™ + y™ = 2.

REMARK 1.2 This is the Fermat Last Theorem. It was proved by A. Wiles and
R. Taylor in 1995.
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DEFINITION 1.2 Let a and b be two integers such that ab # 0. We say that a
is a divisor of b if b = aq for some integer q. We use the notation a|b to mean a
divides b. We also say that a is a factor of b and that b is a multiple of a.

DEFINITION 1.3 A prime number is a positive integer with exactly two positive
divisors. An integer n > 1 which is not a prime is called a composite number.

There are many interesting problems (some of which are unsolved) that are
related to prime numbers. We list a few here.

EXAMPLE 1.4 Are there infinitely many primes?

DEFINITION 1.4 The symbol m(x) denote the number of primes less than z.

EXAMPLE 1.5 The prime number theorem states that

m(x)

i =1.
aclggo (z/Inx)

REMARK 1.3 This is the Prime Number Theorem. It was first observed by C.F.
Gauss around 1791 and A.M. Legendre around 1798. It was proved independently
around 1896 by J. Hadamard and Charles de la Vallée Poussin using complex
analysis. Elementary proofs of this result without using complex analysis were
later given by A. Selberg and P. Erdos around 1948. Both proofs required the
Selberg identity. Since the appearance of the proofs by Selberg and Erdos, other
elementary proofs were discovered. Some of these proofs were independent of
Selberg’s identity and one of the most elegant proofs was given in 1986 by A.
Hildebrand using the theory of large sieve.

DEFINITION 1.5 We say that two integers a and b are relatively prime if there
does not exist an integer ¢ > 1 such that c|a and c|b.
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EXAMPLE 1.6 Suppose a and b are two relatively prime positive integers. Are
there infinitely many primes of the form an + b?

REMARK 1.4 This is known as Dirichlet’s Theorem of primes in arithmetic
PTrogression.

There are many other problems besides those stated here. Some of these prob-
lems are solved while others remained open. In this course, we will study some
basic results in various areas of number theory. Hopefully by the end of this
course, students will be able to appreciate the relations among different areas of
mathematics through solving number theoretic problems and that they will be
able to appreciate the beauty of number theory, the “queen of mathematics”.

Division algorithm and congruences

We have seen in Definition 1.2 that if a is a divisor of b, we write a|b. When a is
not a divisor of b, we use the notation a 1 b.

THEOREM 1.5 Let a,b, c,z,m,y be integers.

(a) a|b implies that a|bc for any integer ¢;
(b)

()

(d) alb and bla imply a = +b;

(e) alb,a>0,b> 0, imply a < b;

(f) Let m be a nonzero integer. Then a | b implies that am | bm; if am | bm,
then a | b.

alb and b|c imply alc;

o

alb and a|c imply a|(bx + cy) for any integers = and y;

o,

Proof

We prove (c). Suppose a | band a | ¢, then b = ak and ¢ = al for some integers
k and [. Now,

br + cy = alkz + ly).

Hence al|(bx + cy). O

THEOREM 1.6 (The Division Algorithm) Given any integers a and b with a > 0,
there exist unique integers ¢ and r such that b = qa +r,0 <r < a. If a { b, then
r satisfies the stronger inequalities 0 < r < a.
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To prove the above result, we will first need the least integer axiom, which says
that if S is the nonempty subset of positive integers, then there is an element
r € S such that r < s for all s € S. This principle cannot be proved but it is
certainly plausible. Suppose 0 is not in .S, then 0 is not the smallest element in
S.If 1is not in S, then 1 is not the smallest element in .S. Since S is nonempty,
then there must be an integer r that happens to be the first integer in S. This
integer r is the smallest integer in S.

REMARK 1.7 One can show that the least integer axiom is equivalent to the
mathematical induction.

We are now ready to prove the Division Algorithm.

Proof
First, note that if a|b, then » = 0. Suppose a 1 b. Let

S={y:y=0b—azx, xisan integer,y > 0}.

Note that since a > 1 and

b b
b—a-(—2b]) = [ <|b| +2a) > o] <b| +2> >0,

we see that S is non-empty. By the least integer axiom, it has a smallest member,
say 7 =b—aq. Then b = ag + r and r > 0. Now we show that r < a.

Suppose r > a. Then 0 < r—a = b—a(g+1) and hence r—a € S. Since r—a < r,
this contradicts the minimality of r. Hence, r < a. The pair ¢, r is unique, for
if there is another pair ¢, such that b = aq’ + 1/, then a(¢’ — ¢) = r — /. If
r =171', then ¢ = ¢’ and we complete the proof of the Theorem. Suppose r # 7’.
Then |r — /| > 0 and a| |r — 7’'|. By Theorem 1.5(e), we find that

|r —7'| > a. (1.1)
But 0 < 7’ < a implies that —a < —r’ < 0. Together with 0 < r < a, we
conclude that

—a<r—r <a,

or

Ir —7'| < a.
This contradicts (1.1). O
REMARK 1.8 If we let @ = 2 in Theorem 1.6, then our conclusion is that every

integer is of the form 2k or 2k + 1. If we let @ = 4, then we find that every integer
is of the form 4k, 4k + 1,4k + 2 or 4k + 3.

EXAMPLE 1.7 Show that if n is of the form 4k + 3 then n is not a perfect
square.
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Solution

Let m be any integer. Then m is of the form 4k + 7,0 < 57 < 3. This implies that
m? is of the form 4k or 4k + 1. Therefore, a square can only be of the form 4k
or 4k + 1.

EXAMPLE 1.8 Show that if n is of the form 4k + 3, then n is not a sum of two
squares.

Solution

A square is of the form 4k or 4k + 1. Therefore, a sum of two squares can only
be of the form 4k, 4k + 1 or 4k + 2. In other words, if n is of the form 4k + 3, it
cannot be a sum of two squares.

REMARK 1.9 The above example shows that if p is a prime of the form 4k + 3
then it is not a sum of two squares. Since an odd prime is either of the form
4k +1 or 4k + 3, it is natural to ask whether a prime of the form 4k 41 is always
a sum of two squares. The answer to this question is yes and in this course, we
will see several proofs of this fact.

We now introduce congruences.

DEFINITION 1.6 Let n > 0 be an integer. We say that “a is congruent to b
modulo n” and write

a=b (modn)
if
n|(a — b).

With the above notation, we can replace the sentence “Every integer n is of
the form 2k or 2k 4+ 1.” by “Every integer n is such that n =0 or 1 (mod 2).”.

DEFINITION 1.7 Let n > 2 be a positive integer. Define [j],, = {k|k = j
(mod n)}.

The Division Algorithm shows us that the set of integers

n—1

Z= U [J]n

Jj=0
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REMARK 1.10 It is known that the set A(n) = Z/nZ = {[r],|0 < r < n} forms
a group under the operation [al],+[b], = [a + b],.

We now list a few basic properties of congruences.

THEOREM 1.11 Let a,b, c,d,n be integers with n > 0. Then

(a) For all integers k, k =k (mod n).

(b) If a=b (mod n) then b=a (mod n).

(¢) fa=b (modn)and b=c (mod n) then a =c¢ (mod n).

(d) If a = b (mod n) and ¢ = d (mod n) then a + ¢ = b+ d (mod n) and
ac =bd (mod n).

We will only supply the proof of Theorem 1.11 (d).

Proof of Theorem 1.11 (d)

Since a = b (mod n) and ¢ =d (mod n), we deduce that n|(a—0b) and n|(c—d).
Hence, a — b = nk and ¢ — d = nj. Therefore, a + ¢ = b+ d + n(k + j), which
implies that n|(a + ¢) — (b+d), i.e., a+ ¢ =b+d (mod n). Now, a = nk +b
and ¢ = nj + d also implies that ac = bd + n(kd + bj + nkj). Hence ac = bd
(mod n). O

The use of congruences allow us to have shorter presentations of solutions to
the next few problems.

EXAMPLE 1.9 Show that 3 divides a(2a® + 7) for any integer a € Z.

Solution

Let a be any integer. Then a = 0,1 or 2 (mod 3). This implies that
a(2a> +7)=0-7,1-9 or 2-15 (mod 3).
In all cases, a(2a% +7) =0 (mod 3) and hence 3|a(a? + 2).

EXAMPLE 1.10 Show that if p is an odd prime of the form 4k + 3 then p is not
a sum of two squares.

Solution

We have seen that a square is congruent to 0 and 1 modulo 4. Hence a sum
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of two squares must be congruent to 0,1 or 2 modulo 4. This means that any
integer of the form 4k + 3 cannot be a sum of two squares. In particular, a prime
of the form 4k 4 3 is not a sum of two squares. This completes our solution of
the problem.

Now, since an odd prime is either of the form 4k + 1 or 4k + 3, it is natural to
determine if primes of the form 4k + 1 were a sum of two squares. It turns out
that this is always true. We will see proofs of this result in subsequent chapters.

EXAMPLE 1.11 Show that 41|(22° — 1).

Solution

Note that 20 = 25.41 — 1. Therefore 2! = —1 (mod 41) and 22° =1 (mod 41).

Greatest Common Divisors

Let a and b be integers such that a and b are not simultaneously equal to 0.

DEFINITION 1.8 A common divisor of integers a and b is an integer ¢ with c|a
and clb.

DEFINITION 1.9 A greatest common divisor of integers a and b is an integer d
with the following properties :

(a) The integer d is positive.
(b) The integer d is a common divisor of a and b.
(c) If e is any common divisor of a and b, then eld.

Note that if d and d’ are both greatest common divisors of a and b, then d is
a common divisor of @ and b and d’ is a greatest common divisor, we note that
d'|d using Definition 1.9 (c). Similarly, since d’ is a common divisor and d is a
greatest common divisor, d|d’. By Theorem 1.5 (d), |d| = |d’| and by Definition
1.9 (a), we deduce that d = d’. This shows that the greatest common divisor of
a and b is unique.
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DEFINITION 1.10 The notation we use for the greatest common divisor of a
and b is (a,b).

REMARK 1.12  If a = 0 and b is non-zero, then (0,b) = |b|.

We will next show that the greatest common divisor of two integers exists. By
Remark 1.12, it suffices to consider the case when both a and b are nonzero.

THEOREM 1.13 Let a and b be nonzero integers. Then the smallest positive
integer in the set

P:={sa+tbls,t €Z and sa+tb>0}
is (a, b).

Proof
If a is positive then a € P since

a=1-a+0-b.

Similarly, if b is positive, then b € P. Suppose a and b are both negative. Then
0-a+ (—1)-b € P. Hence that P is nonempty. By the least integer axiom, there
is a smallest positive integer, say d, in P. We must show that d = (a, b).

We observe that d > 1 since we have assumed that both a and b are nonzero.
Next, since d € P,

d==za+yb (1.2)

for some integers x,y € Z. We first show that d is a common divisor of a and b.
We claim that d|a. Suppose not. By Theorem 1.6, we may suppose

a=dg+r0<r<d.
Then
r=a—dq=a— (xag+ ybg) = a(l — zq) + byg.

Therefore, » € P and it is smaller than d. But d is the smallest element in P.
Hence, we conclude that d | a. In a similar way, we find that d | b. This shows
that d is a common divisor of a and b.

Finally, if c|a and ¢|b then a = cu and b = cv. This implies, by (1.2), that

xza + yb = clux + vy) =d

and hence, ¢|d. This shows that d satisfies Definition 1.9 and we conclude that
d = (a,b). O
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REMARK 1.14 Note that the above theorem says that if d = (a,b) then there
exists integers x and y such that

d=ax + by.

We now list some basic properties of the greatest common divisor of two
integers.

THEOREM 1.15 Let a,b and c be integers. Then

(a) (a,b) = (b,a) (commutative law),

(b) (a, (b,c)) = ((a,b),c) (associative law),

(c) (ac,bc) = |c[(a,b), and

(d) (a,1) = (1,a) = 1. If a is non-zero, then (a,0) = (0,a) = |al.

Proof
We will prove only (c) and leave the proofs of the other statements as exercises.
Let d = (ac,be) and § = (a,b). Since d = (ac, be), there exists u, v such that

d = acu + bev = c(au + bv) = |c||—z|(au + bv).
Since ¢/|c¢| = £1, we conclude that |c||d. Therefore, d|ac implies that d/|c| divides
a. Similarly d/|c| divides b. This implies that d/|c| divides (a,b) = § and so,
d < d|c|.

Next, d]a implies that |c|d divides ca(|c|/c) or |c|d|ca since |¢|/c = £1. Simi-
larly, §|b implies that |c|é divides be. Therefore, |c|d divides (ac, be) = d and so,
d < |c|d. Together with d < §|c| that is established in the previous paragraph,
we conclude that d = d]c|.

O

We recall that two integers a and b are relatively prime (see Definition 1.5) if
their only common divisor is 1. Now, (a,b) is a common divisor and this means
that (a,b) = 1 since there is only one common divisor. In other words, we find
that a and b are relatively prime if and only if (a,b) = 1.

THEOREM 1.16 Let a and b be integers. Then (a,b) = 1 (or a and b are
relatively prime) if and only if 1 = ax + by for some integers = and y.

Proof
Note that if (a,b) = 1, then 1 = ax + by for some integers x and y.

Conversely, if 1 = axz+by, then (a,b)|a and (a, b)|b, and therefore (a, b)|1. This
implies that (a,b) = 1. O
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EXAMPLE 1.12 Let a,b, ¢ be non-zero integers. Show that if (a,b) = 1 and
(a,c) =1, then (a,bc) = 1.

Solution
Since (a,b) =1 and (a,¢) =1,

ar+by=1 and au+cv=1
for some integers x,y, u, v. Hence,
1 = (ax + by)(au + cv) = alazu + byu + xcv) + be(yv).
Therefore, (a,bc) = 1.

EXAMPLE 1.13  Show that if (m,n) = 1 then m|c and n|c implies that (mn)]c.

Solution

Since m|c and n|e, we have ¢ = mh and ¢ = nk for some integers h and k. Now,
the fact that (m,n) = 1 implies that

1 =mu-+nv
for some integers u and v. Hence,
¢ = mecu + ncv = m(nk)u + n(mh)v = mn(ku + hv).

This implies that (mn)|c.

EXAMPLE 1.14 Let d|a and d|b. Show that (a,b) = d if and only if (a/d,b/d) =
1.

Solution

If d = (a,b) then d = au + bv for some integers u and v; This implies that
1= (a/d)u+ (b/d)v and therefore 1 = (a/d,b/d).
Conversely, if 1 = (a/d,b/d), then d = d(a/d,b/d) = (a,b).

EXAMPLE 1.15 Suppose (a,b) = 1. Show that (a + b,a? + b?) =1 or 2.
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Solution
First, recall that (a,b) = 1 implies that (a?,b?) = 1. Let d = (a + b, a? + b?).
Then a = —b (mod d) and a®?+b* = 0 (mod d). Substituting the first congruence
equation into the second one, we observe that

0=a*+b>=(-b)2+b*=20> (mod d).
Similarly,

0=a?>+b*=a>+ (—a)® =2d*> (mod d).

Therefore d|2a? and d|2b? which implies that d|(2a?,2b%). Since (2a2,2b%) =
2(a?,b?) and that (a?,b?) = 1, we conclude that d|2. Hence, d = 1 or 2.

The Euclidean Algorithm

THEOREM 1.17 (The Euclidean Algorithm) Given positive integers a and b,
where a t b. Let 79 = b,71 = a, and apply the division algorithm repeatedly to
obtain a set of remainders 79,73, ..., 7, 711 defined successively by the relations

ro =71q1 + 72, O0<ro<mr

1 = T2q2 + T3, 0<ry<ry
Tn—2 = Tn—1qn—1 + Tn, 0< Tn < Tp—1
Tn—1 = TnQn + Tnti, Tnt1 = 0.

Then r,, the last nonzero remainder in this process is (a, b), the greatest common
divisor of a, and b.

We need a simple lemma.

LEMMA 1.18 Let a,b,q, and r be integers such that b = ag + r, then (a,b) =

(a,7).

Proof

Let d = (a,b) and d’ = (a,r). Note that since d|a and d|b, we find that d|(b— aq)
by Theorem 1.5 (¢). Hence, d|r and d is a common divisor of b and . By Definition
1.9 (¢), d|d’ since d' = (a,r). Similarly, d’'|b and d’|r implies that d’|(aq + r) by
Theorem 1.5 (¢) and consequently, d’|b. By Definition 1.9 (¢), d’'|d since d = (a, b).
Therefore, by Theorem 1.5 (d), d = d'. O

We now complete the proof of Theorem 1.17.
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Proof of Theorem 1.17
There is a stage at which r,, 1 = 0 because the r; are decreasing and nonnegative.
Next, applying Lemma 1.18, we find that

(a,b) = (7“0,’/‘1) = (7“1,7“2) == (TnaTn+1) = (TTHO) =Tn.

This completes the proof of Theorem 1.17. O

EXAMPLE 1.16 Find (196884, 576).

Solution

196884 = 341 - 576 + 468
576 =1-468 + 108
468 =4 -108 4 36
108 = 3-36 + 0.

Therefore (196884, 576) = 36.

EXAMPLE 1.17 Find integers x and y satisfying

43z + 64y = 1.
Solution

64 =43-1+21

43 =21-2+ 1.

Working backwards, we have

1=43-21-2=43-2-(64—43)=43-3+64-(-2).

In this section, we define the greatest common divisor of two non-zero integers.
The greatest common divisor of k non-zero integers with & > 2 can be defined
as the number d with the properties that

(a) The integer d is nonnegative.
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(b) The integer d is a common divisor of a,as,--- ,ak.
(c) If e is any common divisor of ay,as,- - ,ak., then e|d.

Least common multiple

DEFINITION 1.11 A common multiple of two integers a and b is a positive
integer m with the property that a|m and b|m.

DEFINITION 1.12 The least common multiple of two integers a and b is an
integer m such that

(a) m >0,
(b) a|m and b|m, and
(¢c) If ¢ is a common multiple of a and b then m|ec.

We first establish the existence of the least common multiple of a and b. Consider
the set

S:={ceZ"|alc and blc}.

By the least integer axiom, there exists a common multiple m of a and b such
that m < ¢ if ¢ is any common multiples of a and b. We need to show that m|c.
Suppose m 1 ¢ for some common multiple ¢ of @ and b. Write

c=mqg+7r,0<r<m.

Since a|c and a|m, we find that a|r. Similarly, blr and hence r € S. But r < m,
contradicting the minimality of m. Hence, m/|c.

We now give two properties of the least common multiple of a and b. Note
that part (a) of the following result is an analogue of (ka, kb) = |k|(a, b).

THEOREM 1.19 Let a,b, m be positive integers. Then

(a) [ma,mb] = mla,b], and
(b) [a,8]- (a,5) = ab,

Proof
Let H = [ma,mb] and h = [a,b]. Then alh and blh. Hence, mal|(mh) and
mb|(mh). This implies that H|(mh) since H is the least common multiple.
Next, ma|H and mb|H. Hence, a|(H/m) and b|(H/m) and so h|(H/m). Hence
mh|H. Therefore H = mbh.
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To prove (b), we first show that if (h, k) = 1 then [h, k] = hk.

Suppose (h, k) =1 and that h|c and k|c. Then by Example 1.13, we conclude
that hk|c. This implies that hk = [h, k] since all common multiples of h and k
are divisible by hk.

Now, let a and b be two integers and d = (a,b). Then by (a), [a,b] = d[a/d,b/d
Since (a/d,b/d) = 1, we conclude that [a/d,b/d] = ab/d*. Therefore [a,b]
d(ab/d?) = ab/d, or (a,b)[a,b] = ab.

oo

Euclid’'s Lemma

We know that if ¢ # 0 then ca = cb implies that a = b. This is the law of
cancelation for equality. The law is not true in general if we replace “=" by =.
For example, 15 =3 (mod 12) but 5 # 1 (mod 12). This shows that the law of
cancellation does not hold in general for congruences.

The next result (Euclid’s Lemma) shows that the law of cancelation holds if
we impose a condition on the integer c.

THEOREM 1.20 If n|(ca — ¢b) and (¢,n) = 1 then n|(a — b).

Proof
Recall from Theorem 1.13 that if (¢,n) = 1 then there exist integers = and y
such that cx + ny = 1. Multiplying a and b yields

acr +any = a
and
bcr 4+ bny = b,
respectively. This implies that
(ac —be)z +n(ay —by) = a —b.

Since n|(ac — be) and n|n, we conclude that n|(a — b). Since ac = be (mod n),
we conclude that a — b = (ac — bc)z =0 (mod n). O

Theorem 1.20 implies that if n|cd (which implies that n|(cd—c-0)) and (n,c) =
1 then n|d.
The following result of Euclid follows immediately from the above observation.

COROLLARY 1.21 Let p be a prime. If p|ab, then p|a or plb.

Proof
For any integer n, (n,p) = 1 or p since p has only two divisors. Suppose p 1 a.
Then (p,a)=1. Therefore p|ab implies that p|b. O
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By induction, we have the following:

COROLLARY 1.22 Let p be a prime. If p|(a1as - - - an,) then plag for some k.

Fundamental Theorem of Arithmetic

THEOREM 1.23 (Fundamental Theorem of Arithmetic) Every positive integer
n > 1 can be expressed as a product of primes; this representation is unique
apart from the order in which the factors occur.

Proof

We first show that n can be expressed as a prime or a product of primes. We
use induction on n. The statement is clearly true for n = 2 since 2 is a prime.
Suppose m is a prime or a product of primes for 2 < m <n — 1. If n is a prime
then we are done. Suppose n is composite then n = ab, where 1 < a,b < n. By
induction each of the a and b is either a prime or a product of primes. Hence,
n = ab is a product of primes. By mathematical induction, every positive integer
n > 1 is a prime or a product of primes.

To prove uniqueness, we use induction on n again. If n = 2 then the repre-
sentation of n as a product of primes is clearly unique. Assume, then that it is
true for all integers greater than 1 and less than n. We shall prove that it is also
true for n. If n is prime, then there is nothing to prove. Assume, then, that n is
composite and that n has two factorizations, say,

n=piP2---Ps =q1q2 - G- (1.3)

Since p; divides the product ¢;qs - - - ¢¢, it must divide at least one factor. Relabel
41,92, ---, q¢ S0 that p1]|q1. Then p; = ¢q since both p; and ¢; are primes. In (1.3),
we may cancel p; on both sides to obtain

n/pL=p2-Ds =q2- G-

Now the induction hypothesis implies that the two factorizations of n/p; must
be the same, apart from the order of the factors. Therefore, s = t and the
factorizations in (1.3) are also identical, apart from order. This completes the
proof. O

EXAMPLE 1.18 Let

a= Hpo‘f’ and b= Hpﬁp.
P P
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Show that

(a,b) = Hpmin(apvﬂp) and [a,b] = Hpmax(ap”sp)-
2 P

Solution
We show the first equality. Let
d= Hpmin((y,,,ﬂp).
P
Note first that for nonnegative integers u and v, u < v if and only if n*|n" for
any positive integer n. Since min(a,, 8,) < «, for each prime p, we conclude

that d|a. Similarly, d|b. Hence, d is a common divisor of a and b.
Next, suppose c|a and c|b. Write

c= Hp”f’.
P

By the observation in the beginning of the first paragraph, we conclude that
vp < a and v, < ,. Hence v, < min(ay, 8,) and hence c|d. This implies that
d is the greatest common divisor of a and b.

The proof of the second assertion is similar and is left as exercise.

REMARK 1.24  Since min(c«, ) + max(a, ) = o + § for any integers « and S,
we conclude that

(a,b)[a,b] = ab.

Euclid’s Lemma and the linear Diophantine equation

In Example 1.17, we give a particular solution to
43x + 64y = 1.
In general, an equation of the type
ar+by=m

is called a linear Diophantine equation. We now discuss how one can obtain
general solutions of linear Diophantine equation.
Suppose (a,b) = d. If d ¥ m then the equation has no solution. Suppose d|m.
Let zg and gy be a particular solution of ax + by = m. Let X and Y be general
solution of the equation. Then

a(X —xo) =blyo — Y).
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Hence,
a b
g(X —x9) = &(yo —-Y).
Since (a/d,b/d) = 1, we conclude from Theorem 1.20 that
a b
yO_Y:Ek and X—xozak_

The general solution is therefore

b a
X:gk‘—l—xo and Y:—Ek—l—yo.

EXAMPLE 1.19 There are 3 castaways and a monkey on a desert island who
have gathered a pile of coconuts which are to be divided the next day. During the
night one man arises, divides the pile into 3 equal parts, and finds one coconut
left over, which he gives to the monkey. He then hides his share away from the
pile. Each of the 3 men repeats the performance. The last man leaves a pile
which is exactly divisible by 3. What was the minimum number of coconuts in
the original pile?

Solution

Let N be the number of coconuts. Then we know from the three nights that
N =3a+1,2a = 3b+1,2b = 2¢ + 1,2¢ = 3d. This yields 8N = 81d + 38. The
general solution for this equation is N = 81k — 380. The smallest k& for which NV
is positive is k =5 or N = 25.

Linear Congruence equation

A linear congruence equation is an equation of the form
ax =b (mod n).

In this section, we will prove that

THEOREM 1.25 Let a, b > 0 be integers and d = (a, b). Suppose d|N. Then the
linear congruence

ar =N (mod b) (1.4)

has d mutually incongruent solutions modulo b.
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Proof
Suppose ax = N (mod b). Then

ar = N — by. (1.5)

If zp and yo are integers satisfying (1.5), then the general solution of (1.5) is
X=kiz and v=—%k+
=4 0 =4 Yo-

This implies that X is a solution of (1.4) for any integer k. We claim that
modulo b there are exactly d solutions. For any integer k, let k = dq + r with
0 <r < d. Then

b b
xo + E(dq +7r) =20+ i (mod b).

Therefore, any solution of (1.4) must belong to the set

S—{Zk+xo,0§k<d}.

We now show that the solutions in S are incongruent modulo b. Suppose

b
o+ =i =mxo+ (mod b).

d a’

Then

g(z —Jj)=0 (mod bd).

This implies that d|(i — j). Since ¢ and j are both less than d, ¢ = j. Hence there
are exactly d solutions to (1.4). O

REMARK 1.26 Theorem 1.25 will be needed for determining the number of
solutions of congruences of the type

2™ =c¢ (mod n).

We end this section by proving Wilson’s Theorem using solutions of linear
congruence equations.

THEOREM 1.27 Let p be an odd prime. Then

(p—D!'=-1 (mod p).

Proof
For 1 <a <p—1, we consider the equation

ar =1 (mod p),
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which has exactly one solution modulo p by Theorem 1.25. If a = 1, then = =1
andifa=p—1,z=p—1.1If a # 1,p — 1, then the solution x # a. In other
words, we can regroup the integers from 1 to p — 1 in the form

{1,p—1}UsS

where
p—2
S = U {a}.
a=2

The integers from S can be paired up as (a’,0’) so that @'t =1 (mod p). This
implies that

p-—Dl=1-(p—1)- H a' = -1 (mod p).
2<a’ b <p—2
a’b’=1 (mod p)

This completes the proof of Wilson’s Theorem. O

EXAMPLE 1.20 Show that if n is composite, then (n — 1)! # —1 (mod n).

Solution

Since n is composite, there exists an integer d with 1 < d < n such that d|n. Since
dl(n—1)!, (n—1)! =0 (mod d). Suppose (n—1)! = —1 (mod n), then (n—1)! =
—1 (mod d) and this contradicts the previous observation that d|(n — 1)!.

REMARK 1.28 Let M(n) = (Z/nZ)" be the subset of Z/nZ that contains [r],
such that (r,n) = 1. This set forms a group under the binary operation

[a]ne[b]n = [ab]y.

Since M (n) is a group, each [a], € M(p) has a unique inverse. Only [1], and
[p — 1], have inverses that are identical to itself. For other element [a], € M (p),
its inverse [a],, ! is distinct from [a],. Therefore.

(Upel2]pe -~ o[p — 1p = [~1]p,

and this completes the proof of Wilson’s Theorem.

REMARK 1.29 Wilson’s Theorem can be used to design a primality test, namely,
an algorithm for determining whether an input number is prime. But this al-
gorithm is extremely inefficient. A primality test with “polynomial time” was
discovered in 2004 by M. Agarwal, N. Kayal and N. Saxena.
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1.10 Wilson’s Theorem and primes of the form z? + ¢?

LEMMA 1.30 Let p = 1 (mod 4) be a prime. Then there exists an integer u
such that

u?=—1 (mod p).

Proof
Write p —a = —a (mod p). Then (p — 1)! = —1 (mod p) can be rewritten as

(_1)(,,_”/2{(73;1)!} =1 (mod p).

no

The integer

satisfies

THEOREM 1.31 If p=1 (mod 4) is a prime then it is a sum of two squares.

Proof
Suppose p = 1 (mod 4) then from Lemma 1.30, there exists u such that

u?* = —1 (mod p). (1.6)

We may choose u to be an integer such that |u| < b and write (1.6) as

u?* +1=kp (1.7)
for some positive integer k. Let
S :={ml|z* +y* =mp, me€Zwithl<m<p}

p—1

Note that by (1.7), we have u? + 1 = kp. Furthermore, |u| < implies that

u? +1<p?andsol<k<p. Hence, k€ S and S is non-empty.

By the least integer axiom, S contains a minimal positive mg satisfying the
conditions. If mg = 1 then we are done.

Suppose mg > 1 and that mop = 23 +y3. If mg|xe and moly then m3|(z2 +y3)
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or m3|mop. This implies that mg|p, which is impossible since mg < p. Hence
mo 1 zp or mg { yo. Let

Z1 = Lo — MoT, Y1 = Yo — MoS

where |z1] < mg/2 and |y1| < mo/2. Note that since mg t g or mg 1 o,
z3 + y? > 0. Now,

0<a2f+92 <mi/2 <md.
Hence,
2, .2
1+ Yy = mimg

with mq < mg.
Next,

momap = (x5 + y3) (23 + y7) = (zox1 + yoy1)* + (zoy1 — 190)>.
Now, observe that
X = xox1 + Yoy1 = zo(To — mo7) + Yo(Yo — mos) = mow,
for some integer w. Similarly,
Y = zoy1 — T1y0 = mov.
Therefore,
mémip = X2 + Y% = md(w? + v?).
This implies that
w? +v? = myp. (1.8)

Therefore m; € S. Since my < my, this contradicts the minimality of mg in S.
This implies that mg = 1 in the first place and we are done. O

Appendix : The cyclic group (Z,+) and the greatest common
divisor

Let G be a nonempty set and % be function from G x G to G satisfying

(a) There exists an e € G such that for allg € G, exg=g*xe=g.
(b) For all g € G, there exists a ¢’ € G such that gx¢’' =g xg=-e.
(c) Forall g,h,k € G, g« (hxk)=(gxh)xk.

The set G together with the binary operation * is called a group.

If H is a nonempty subset of G and (H,x*) is a group, we say that H is a
subgroup of G and the notation is H < G. One can use a simple criterion to
check if H were a subgroup of G. This is given by H < G if and only if for all
h,ke H, hk~' € H.
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The simplest example of a group is perhaps (Z, +). The identity is 0 and the
inverse of n is —n. This is a cyclic group (that is, a group that is generated by one
element, namely 1). Using Division Algorithm, we can show that any subgroup
of a cyclic group is cyclic.

Now, if we define

T = {au + bv|u,v € Z},

then we can, using the subgroup criterion, check that 7' is a subgroup of Z since
au+bv— (av' +b') = alu—u')+b(v—v") € T. Since (Z, +) is cyclic, we conclude
that T is cyclic and hence T' = dZ, that is, T is generated by one element d. We
may choose d to be positive. Now, note that botha=a+0-bandb=a-0+10
are in T'. Hence d|a and d|b. Since d € T, d = au + bv for some integers u,v.
Suppose c|a and c|b. Then from the representation of d, we conclude that c|d.
Hence d is the greatest common divisor of a and b.
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Fermat's Little Theorem and
Euler's Theorem

Fermat’s Little Theorem

DEFINITION 2.1 If x = y (mod m), then y is called a residue of  modulo
m. A set x1,x2, - ,x,y, is called a complete system of residues modulo m if for
every integer y there is one and only one z; such that y = z; (mod m).

The complete system of residues modulo m is not unique. For example, when
n = 5, the set {0,1,2,3,4} is a complete system of residues modulo 5. The set
{5,11,22,33,14} is also a complete system of residues modulo 5. Note that the
set {1,11,12,13, 14} is not a complete system of residues modulo 5 since 1 = 11
(mod 5).

DEFINITION 2.2 For a positive integer n, the set {0,1,2,---n—1} is called the
least non-negative residues modulo n.

THEOREM 2.1 (Fermat’s Little Theorem) If p is a prime and p{ a then

a? ' =1 (mod p).

REMARK 2.2 Fermat’s Little Theorem is sometimes written as: For a fixed
prime p,
a? =a (mod p)

for all integer a. Note that when written in this form, the condition p { a can be
removed since a? = a =0 (mod p) when pla.

Proof
Let

$=1{0,1,2,---,p—1}.
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Suppose (a,p) =1lorpta. Let T ={a-0,a-1,--- ,a-(p—1)}. Note that no two
elements in T" are congruent to each other modulo p. For if ka = ja (mod p),
then k = j (mod p), since (a,p) = 1 and cancelation law applies. Hence, T is a
complete set of residues modulo p. Hence, the product of all nonzero elements
in T must be congruent to the product of all nonzero elements in S. In other
words, if we multiply all the elements in T'— {0}, the product must be congruent
modulo p to the product of all the elements in S — {0}. Therefore,

aTp—-1)!'=(p—1) (mod p).

Since p t (p — 1!, (p,(p — 1)!) = 1 and cancelation law holds again. Therefore,
a?~' =1 (mod p). O

Fermat’s Little Theorem can be a labor-saving device in certain calculations.

EXAMPLE 2.1 Prove that 183510 419862061 = 0 (mod 7).

Solution
We have 1835 = 1 (mod 7) and 1986 =5 (mod 7). Therefore

18351910 4+ 19862961 = 1 + 52961 (mod 7).

Now, 2061 = 3 (mod 6) and therefore, 2061 = 6¢q + 3, for some integer ¢. Hence,
52061 = 50443 = (56)7. 5% = 53 (mod 7)

since 5° =1 (mod 7), by Theorem 1.1. The congruence thus reduces to

14521 =145°=146=0 (mod 7).

Fermat’s Little Theorem may also be used as a tool for primality testing. For
example, for a given n if we can find an a such that (a,n) = 1 and a" ! £ 1
(mod n) then we conclude immediately that a is not relatively prime to n. This
implies that n is not a prime. The following example illustrate this point.

EXAMPLE 2.2 Show that 57 is not a prime using Fermat’s Little Theorem.

Solution
We have

257 =27 . 2105 =97 . (_2)5 = —22.210 =8 (mod 57).
Since 257 # 2 (mod 57), 57 is composite.

Of course this test is very inefficient for several reasons. Firstly, one might
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need to select a number a several times before arriving at a conclusion that n
is composite. Secondly, computing powers of a number is very time consuming.
Thirdly, it may be inconclusive even if a"~! = 1 (mod n) for all @ < n as the
following example shows.

EXAMPLE 2.3 Show that %! = a (mod 561) for a < 561.

Solution

If a is prime to 561, then a?> = 1 (mod 3), @' = 1 (mod 11) and a'® = 1
(mod 17). Now,

a®0 = (a®)®°=1 (mod 3)
a®® = (' =1 (mod 11)
a® = (a'%)* =1 (mod 17)

Therefore a®®° = 1 (mod 561), or a®®! = a (mod 561). If a is not relatively
prime to 561, the above still holds. For if N = 3-11-17 and (a,561) = 561, then

' =a=0 (mod 561).

If N=3,11,17,3-11,3-17, or 11-17 and (a,561) = N, then since N is square
free, (a,561/N) =1 and hence, using Fermat’s Little Theorem, we have

a®' =a  (mod 561/N).

Since N|a, we also have

a®'=a=0 (mod N).

Hence,

a®®' =a  (mod 561).

A number which satisfies the property that ™ = a (mod n) for all a is called
a Carmichael number. It has been a conjecture for nearly 90 years that there are
infinitely many Carmichael numbers. This result has only recently been proved
by W.R. Alford, A. Granville, C. Pomerance (see Ann. of Math. 140 (1994),
703-722).
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An extension of Fermat’s Little Theorem: The Euler Theorem

Fermat’s Little Theorem is false when n is composite. For example, 5° = 5
(mod 6), i.e., 5¢ # 5 (mod 6). In this Section we will learn an extension of
Fermat’s Little Theorem. But first let us define a very important function.

DEFINITION 2.3 The function ¢(n) is defined to be the number of elements
1 < & < n which are relatively prime to n. The function ¢(n) is usually called
Euler’s ¢ function.

REMARK 2.3 The number ¢(n) is the number of elements in M (n).

EXAMPLE 2.4 There are altogether 2 numbers less than 6 which are relatively
prime to 6. These are 1 and 5. Therefore, ¢(6) = 2. For n = 12, ¢(12) = 4 and
these four numbers are 1,5,7,11.

EXAMPLE 2.5 Note that when p is prime, all the numbers 1 < & < p are
relatively prime to p and so,

p(p)=p—1. (2.1)

For example, ¢(7) = 6 and the numbers that are relatively prime to 7 are
1,2,---,6.

We are now ready to state Euler’s Theorem:

THEOREM 2.4 (Euler’s Theorem) Suppose (a,n) = 1. Then

a?™ =1 (mod n).

Note that when n is prime, by (2.1), ¢(p) = p — 1. So Theorem 2.4 reduces to
Fermat’s Little Theorem, since

a?®) =¢P"P =1 (mod p).

Proof
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The idea of the proof is the same as that of Fermat’s Little Theorem. Consider
the set

S:={ai, a2, - ,aum)}

where S contains all the positive integers © < n which are relatively prime to n.
(Note by definition, there are ¢(n) of them). Suppose a is relatively prime to n.
We define

T={a-ai,a-az, - ,a" Gy}
Once again, no two elements in 7" are congruent modulo n. For if
a-a; =a-a; (mod n),
then
a; =a; (modn)

since (a,n) = 1. Hence, following the argument as in the case of the proof of
Fermat’s Theorem, we conclude that each element in 7" is congruent modulo n
to exactly one element in S and we conclude that

@(n) (n)
a?™ H ap = H ar (mod n).
k=1 k=1

Once again since (a;,n) = 1 we have

»(n)
H ag,n| =1
k=1

and applying cancelation law, we obtain

a?™ =1 (mod n).

REMARK 2.5 The Lagrange Theorem states that the order of a subgroup H
of G divides the order of G. Let G = M(n) and [a], € G. Let H be the cyclic
group of G generated by [a],. Then H = {[a}}|1 < j < N} where [a]Y = [1],.
The order of [a], is N. By Lagrange’s Theorem, N||M(n)| or N|¢(n). This
yields ¢(n) = Nk for some positive integer k. Now [a]Y = [1],, implies that

()£ = ([a)¥)* = [1],, and therefore, Euler’s Theorem follows.

EXAMPLE 2.6 Find the remainder of 4444%444 when it is divided by 9.
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Solution

Observe that 4444 = —2 (mod 9) and ¢(9) = 6 (the positive integers < 9 and
relatively prime to 9 are 1,2,4,5,7,8). Since a® = 1 (mod 9) when (a,9) = 1 by
Theorem 2.4. It is natural to write the exponent in form 6g+r. Now, 4444 = 6q+4
and so,

4444494 = (—2)00t = ((—2)%)7. (=2)* = (=2)* =7 (mod 9).
Hence, the remainder is 7.

REMARK 2.6 The above example is the final step in the solution of Problem 4
of IMO 1975.

EXAMPLE 2.7 Find the last two digits of 9%°.

Solution

Since (100) = 40, 9% = 1 (mod 100). Next, 9° = 387420489 = 40 x 9685512-+9.
Therefore 9°° = 9° (mod 100). But we have seen that 99 = 387420489 and so
the last two digits of 9°° are 89.

REMARK 2.7 Euler’s Theorem can be used to solve Linear congruences such as
ar =c¢ (mod m)

when (a,m) = 1. One simply multiplies a®(™~! to both sides of the congruence
to obtain

a?Mg = q?M~1e (mod m).

Finite groups and Euler’s Theorem

The division algorithm states that if n is a fixed positive integer then any integer
N can be written in the form gn + r where 0 < r < n. In other words, the set Z
can be partitioned into n distinct sets, denoted by [r],, 0 < r < n, where

[rln :={k€Z|k=r (modn)}.

Let
Z/nZ = {[r],|0 <r <n}

and define the binary operation

[a)n+[0]n = [a + ]n-
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Then the set Z/nZ forms a group under the operation +. This group is “similar”
to the additive group (Z,+). Of course, the set Z together with the binary
operation - is not a group. Can we construct a group for Z/nZ with operation
the analogue of -? The answer is yes but with a “twist”.

We let

(Z/nZ)* = {[r]a|(r,n) = 1,0 <r < n}.
Define
[a]n[b]n = [a - .

Then the set (Z/nZ)" together with - is a multiplicative group.
The Lagrange Theorem states that for any finite group G, the order of any
subgroup H of G divides the order of the group G. To see this, we first construct

G/H :={gH|g € G}
where the coset gH is defined by
gH = {ghlh € H}.

Note first that if G = H, then there is one element in G/H.
If G# H and gH,¢g'H € G/H, we note that

gHNgH = ¢.

For otherwise, if v € gHNg'H, then x = gh = g'h/,;or g~ '¢g’ € H and ¢'H C gH.
Similarly, gH C ¢’H and we have gH = ¢’H. Since gH and ¢'H are disjoint for
distinct cosets, we conclude that there are finitely many distinct sets gH in G/H.
Furthermore, each g € G must be in one of these cosets. This implies that

G = Uleng.
Using the map
p:H— gH,
we find that
|H| = |gH]|.
Therefore,

k
G| = |gH| = k|H]|.

j=1
Hence, |H| | |G| and this is Lagrange’s Theorem for subgroups of finite groups.
Now, one can see that for any element g € G, the set

H={¢"|meZ}

forms a finite group of order d, where d is the least positive integer such that
g% = 1. This positive integer is called the order of g in G. Since H is a subgroup
of G with |H| = d, by Lagrange’s Theorem, d | |G|, or |G| = d¢ for some
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positive integer £. Now, g¢ = 1, where 1 is the identity of the group G. Hence
g%l = (g%)* = 1. We have thus shown that

gl =1
for all g € G. Applying this to our group (Z/nZ)", we find that for any integer
a such that (a,n) =1,
a?™ =1 (mod n),

*

since p(n) is the number of elements of (Z/nZ)

REMARK 2.8 Let G = (Z/nZ)". The elementary proof of Euler’s Theorem
follows from the fact that the multiplication of a fixed element g of G induces a
permutation of the elements in G. In other words, if we define a map

E:G—->G

by &£(g1) = g - g1, then £ is a bijection of G.

EXAMPLE 2.8 Let G be a finite group and k be the order g where g € G. If
g™ = 1¢ then k|m.

Solution

If k4 m then m = kg + r,0 < r < k. This implies that

and this contradicts the minimality of k.

EXAMPLE 2.9 Let a > 1 and n > 1 be positive integers. Then n|p(a™ — 1).

Solution

Note that the order of [a],»_1 in (Z/(a™ — 1)Z)" is n. This is because if 0 < d < n
is the order of [a]qn_1 in (Z/(a™ — 1)Z)" then a™ — 1 would divide a? — 1, which
is impossible. Since a¥(®"~1) =1 (mod a” — 1) we conclude that n|p(a™ — 1) by
the previous example.

The Chinese Remainder Theorem and solving linear
congruence equations
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THEOREM 2.9 Let m and n be such that (m,n) = 1. Let
At) =Z/tZ.
Then the map
& A(mn) — A(m) x A(n)
defined by
E((Klmn) = ([Klm, [K]n)

is a bijection.

Proof

First, note that £ is a well defined map. For, if [j];nn = [k]lmn then &([j]mn) =

([1lms [f]n)- But 5 = k (mod mn) implies that j = k (mod m) and j = k

(mod n). In other words, &([j]mn) = ([k]m, [k]n) and the map is well defined.
Note that the number of elements in A(mn) and A(m) x A(n) are equal. It

suffices to show that £ is an injection. Suppose

([g]mv w]n) = ([k}ma [k]n)

Then m|(¢ — k) and n|(¢ — k). This implies, by Example 1.13 that mn|(¢ — k)
since (m,n) = 1. Hence, [{];nn = [k]mn and the map & is injective and hence the
map £ is a bijection. O

Theorem 2.9 is known as the Chinese Remainder Theorem. It says that given
integers m and n such that (m,n) = 1, the simultaneous congruence equations

x=h (modm) and xz=k (modn) (2.2)

can be solved. In other words, there exist an integer x satisfying (2.2).

The Chinese Remainder Theorem can be extended to more than two positive
integers m and n. More precisely, we can show that if mq,mso, - - , mg are pairwise
relatively prime, then the system of equations

x=a; (modmy)

x=ay (mod mg)

x=as (mod my)

is solvable.
The usual way to prove the Chinese Remainder Theorem is by constructing
an x that is the solution of

x=a (modm) and x=b (modn).
To do so, one sets

x = nta + msb,
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where ms =1 (mod n) and nt =1 (mod m). Note that with this choice of z,
x =nta+msb=nta=a (modm)
since nt =1 (mod m). Similarly, we find that
r=msb=0b (modn).
The only difficulty now is to determine the value s and ¢ that satisfy
ms=1 (modn) and nt=1 (modm).
This amounts to solving linear congruence of the form
aX =1 (mod k). (2.3)

Note that this linear congruence is solvable only if (a, k) = 1. In this case, there
exists u and v such that

1 =au+ kv.

Hence X = u is a solution to the linear congruence (2.3).

EXAMPLE 2.10 Find the least positive integer x such that x = 2 (mod 3),z = 3
(mod 5) and z =2 (mod 7). Answer: 23.

Solution

Let N be an integer satisfying the congruences. Then N =2 (mod 21) and N =3
(mod 5). Since 5 (—4) =1 (mod 21) and 21-1 =1 (mod 5), we conclude that

N =21-3+(—20)-2=063—40 =23

is a solution to the congruences.

2.5 Euler’s ¢-function

In this section, we establish an important property of ¢(n) which allows us to
compute p(n) if we know the prime factorization of n.

THEOREM 2.10 For positive integers m and n such that (m,n) = 1,

p(mn) = p(m)p(n).

Let
M(t) := (Z/tZ)".
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Note that |M(t)| = ¢(t). Consider the map
b+ M(mn) — M(m) x M(n)
defined by
U([klmn) = ([Klm; [K]n)-

Note that ¢ = & | M(mn)* From the proof of Theorem 2.9, we see that given
([t]m, [V]n) € M(m) x M(n), there exists [h]mn € A(mn) such that

E([Mlmn) = ([ulm, [v]n)-

We need to show that [h],, € M (mn). This follows from the fact that if [h],, €
M(m) and [h], € M(n), then [h]y, € M(mn). In other words, if (h,m) =1
and (h,n) = 1 then (h,mn) = 1. This proves that the map is surjective. Now
the map 1 is injective because £ is injective. We therefore conclude that ¢ is a
bijection and

p(mn) = p(m)p(n).

COROLLARY 2.11 Let n =[] p®. Then

o) =[[e@™) =] > —p™").

P

Proof

We have seen that if n = p is a prime, then ¢(p) = p — 1. If a, > 1, then the
integers p, 2p, ...,p“» " 1p are the positive integers less than p®» which are not
relatively prime to p®». Hence, p(p®?) = p por L, O

EXAMPLE 2.11 Show that if d|n then ¢(d)|¢(n).

Solution

If n =1 and d = 1, the result is true. Observe that the map
V:(Z/nZ)" — (Z/dZ)*

defined by 9J([a], = [a]q is a surjective group homomorphism. By first isomor-
phism theorem,

ker 0| = [(Z/nZ)"|/|(Z/dZ)"].

Therefore, p(d)|e(n).
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Alternatively, let
n= H per
P
and

d= Hp”".
p

Note that in this representation, «,, is non-zero for finitely many p. Now,

1 if~, =0,
ey =9 | F .
pr~Hp—1) if~,>0.

Hence ¢(p?)]p(p*») for all primes p since v, < «,. Therefore, ¢(d)|p(n).

EXAMPLE 2.12 Find all integers n such that ¢(n) = 10.

Solution

Let pin. Then ¢(p) = p — 1 must divide p(n) = 10. This means that p — 1 =
1,2,5,10 and that p = 2,3, 11. Since ¢(11) = 10 and 11 is the only prime that
contributes a factor of 5 to ¢(n), we conclude that 11|n. Next, if 3|n then ¢(3) = 2
and together with ¢(11) we conclude that the left hand side is greater or equal
to 20, which is certainly greater than 10. Therefore, 3 f n. Hence, n = 2%11. This
implies that ¢(n) = ¢(2*)10 and therefore, a = 0 or 1. The only solutions to the
equation ¢(n) = 10 are 11 and 22.

An Application to Cryptography

The purpose of studying Cryptography is to protect information transmitted
through public communication networks. In the language of cryptography, the
information to be concealed is called plaintext. The message in secret form is
called ciphertext. To convert plaintext to ciphertext is to encrypt a message and
to perform the reverse process is to decrypt a message.

In 1977, R. Rivest, A. Shamir and L. Adleman proposed a public key cryptosys-
tem, which uses only elementary ideas from Number Theory. The enciphering
system is now called RSA. Its security depends on the assumption that in the
current state of computer technology, the factorization of composite numbers
with large prime factors is prohibitively time-consuming.

Each user of RSA system chooses a pair of distinct primes p, ¢ large enough
so that the factorization of n = pq (enciphering modulus) is beyond the current
computational capabilities. For example one may select p and ¢ with 200 digits
and n would have 400 digits. Having selected n, the user then chooses a random
positive integer k such that (k,¢(n)) = 1. The pair (n, k) is placed in a public
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file, as user’s personal encryption key. This will allow anyone else to encrypt and
send a message to that individual. Note that while n is openly revealed the listed
public key does not mention the factors p and ¢ of n.

The encryption begins with the conversion of the message into digital alpha-
bets. For example,

A=00,B=01,---Z=25,Space = 26.
Under this scheme, the message ” The brown fox is quick” is transformed into
M =19070426011714221326051423260818261620080210.

We assume that M < n. If M > n we can break M into blocks of digits
My, M, -+, M,, M; < n. To encrypt, raised M to k" power (mod n), i.e.,

M* =7 (mod n)
and send 7.

To decrypt, first recall that k is chosen such that (k,¢(n)) = 1. Therefore
there exist j such that

kj=1 (mod ¢(n)).

This implies that
r = M = M mEL (mod n).

If M is coprime to n, then

M?™ =1 (mod n).
Therefore

ri =M (mod n),
and we retrieve the message. Note that the number j, called the recovery ex-
ponent, can only be calculated by someone who knows p(n) = (p — 1)(¢ — 1).
Therefore, j is secure from an illegitimate third party whose knowledge is limited
to the public key (n, k).
We have assumed above that M is relatively prime to n. Suppose M is not

relatively prime to n = pg. Then (M, pq) = p, q, or pq. If the is pq then since
M < pq, M = 0. Suppose without loss of generality that (M, pq) = p. Then

kj=1 (mod ¢(n))
implies that
kj=1 (modq—1),

r=MN=M (mod q)
and

0=M"=M (mod p).
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Hence,

=M (mod pq)

and we retrieve the message.

EXAMPLE 2.13 Let p =37,q = 73, pq = 2701. Note that
p(n) = 2592.

Take k = 47. Then j = 1103 since 1103 - 47 = 1 (mod 2592). To encrypt the
message "No Way Today”, we have

M = 131426220024261914030024.
We divide M into blocks of 4:
1314 2622 0024 2619 1403 0024.
Raised to the power of 47 modulo 2592, we have
1241 1848 0873 1614 2081 0873.

This is the ciphertext. Note that to retrieve the message, we only need to raise the
numbers in each block to the power 1103 modulo 2701. For example, 12411103 =
1314 (mod 2701).

Appendix : Group Action and Fermat’s Little Theorem

DEFINITION 2.4 If X is a set and G is a group, then G acts on X if there
exists a function « : G X X — X, called an action such that

(i) for g,h € G and x € X, (g, «(h,x) = «(gh, ).
(i) «(1g,z) = =.

Instead of writing «(g, x), we will use gex to denote the image of (g, z) under ..

DEFINITION 2.5 If G acts on a set X, then the orbit of z (z € X), denoted by
O(x), is the subset of X given by

O(z) = {gez}.
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The stabilizer of x, denoted by G, is the subgroup of G given by
Gz = {9 € G|gex = z}.

We recall the following Theorems:

THEOREM 2.12 If GG acts on X, then X is a disjoint union of the orbits. If X
is finite, then | X| = )", |O,,|, where one x; is chosen from each orbits.

Proof

We need to show that if O, N Oy # ¢, then O, = Oy. Let z € O, N Oy. Then
z = gox = g¢'ey. This implies that z = g~ !¢’y and so O, C O,. Similarly,
Oy C O, and hence, O, = O,. O

THEOREM 2.13  If G acts on a set X and x € X, then

0.1 =[G : Gl.
Proof
This follows by defining the map

§:G/Gy — O,
with

§(9Gz) = gew.

Note that £ is well defined because given ¢'G, = gG,, we have ¢’ = gs for
some s € G,. Observe that sex = x since s € G,. This gives

§(g'Gr) = g'er = gser = ge(sex) = gox = £(9G),

showing that ¢ is independent of the choice of the coset representatives and
hence, ¢ is well defined. Next, if £(9G,) = £(¢'G.), then gex = ¢g’ex. This yields
g 1g/exr =z andso g lg € G, or gG, = ¢'G,. Hence ¢ is injective. The function
¢ is surjective because given gex € O, we can choose gG, to be its preimage
under £. This implies that £ is a bijection and

|Oz] = |G : G4
O

LEMMA 2.14 (i) Let G acts on a set X. If v € X and o € G then G,, =
0cGro™t.
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(ii) If a finite group G acts on a finite set X and if z and y lie in the same

orbit, then |G| = |G|

Proof
Note that if s € G, then

050 L e(0e) = 05ex = 00,

since sex = x. This implies that 0G,0™! C Ggup. Next, if g € Ggop then
goexr = oex This yields 0 'goer = z, or Gyup C 0 'G,o. This completes the

proof of (i).

Next, if  and y lie in the same orbit, we may write y = cex. By (i), we find
that 0G0 ! = Gpuy = Gy. But there is a one to one correspondence between
0G,o~! and G, since the map ¢ : G, — 0G0~ ! defined by ¥(g) = 0go~! has

an inverse given by v(g’) = 0~ !g'o for all ¢’ € 0G0 L.

O

THEOREM 2.15 Let G acts on a finite set X. If IV is the number of orbits, then

1 .
N = 1G] Z [Fix(g)l,

geG

where Fix(g) is the set of elements x € X fixed by g.

Proof
To prove the above, we consider

> -y v

geG,zeX geG zeX
ger=x ger=x
= > [Fix(g)|.
geG

On the other hand,

RED DI

geGxeX zeX geG
gex=1x gex=x
= § ‘Gr|
rzeX
m
- E E ‘Gr‘v
Ji=1z€0(j)

(2.4)

(2.5)

where O(j),1 < j < m are the distinct orbits. Let O(j) = O, for some z; € X.
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Since |G| = |G| for any z,y € O(j), we conclude that

D Gl = D 1G] =10)|Gay| = |G : Ga||Gay | = |G,
z€O(H) z€0(z;)
where the second last equality follows from Theorem 2.13. By (2.4) and (2.5),
we deduce that

m =1 3 [Fix(o)|.

geqG
O

We are now ready to give another proof of Fermat’s Little Theorem. Consider
a p-gon where p is a prime. Suppose we want to color the vertices of the p-gon
using n colors. How many ways can we do this?

Let X contains the p-tuples (a1, a2, - - , ap) where a; takes one of the n colors.
Let G be the cyclic group generated by o := (1,2,--- ,p). Let G acts on X by

oe(ar, a2, ap) = (Ai(1), Qoi(2), "+ 5 Qoi(p))-
Note that under this action, the orbit containing (a1, as,- - ,ap) are
{(@iv1, @iva, - yap, a1, ,0;),0 <i <p—1}.

This means that if a colored polygon can be obtained from another colored
polygon via rotation, the two polygons would belong to the same orbit.
By Theorem 2.15, the number of such orbits is given by

% (IFix((1)(2) -+ ()] + [Fix(0)| + - - + [Fix(a? 1)) .

If j # 0, then o7 is a p-cycle since p is a prime. A n-colored polygon with p-
vertices is fixed by a p-cycle only if the vertices are colored with the same color.
This implies that the number of € X fixed by o7 is exactly n for each j # 0
as there are only n polygons with all vertices having the same color.

The number of = fixed by (1)(2)---(p) is nP since all x € X are fixed by the
identity of G. Since the number of orbits is an integer, we find that

n? =n (mod p),

and this yields Fermat’s Little Theorem.
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Multiplicative Functions

Multiplicative functions and even perfect numbers

DEFINITION 3.1 An arithmetical function f is a function from N to C.

DEFINITION 3.2 An arithmetical function f is said to be completely multiplica-
tive if f(1) =1 and for all positive integers m and n,

f(mn) = f(m)f(n).

EXAMPLE 3.1 The functions N(n) = n and u(n) = 1 are completely multi-
plicative and therefore multiplicative. The function p(n) is multiplicative but
not completely multiplicative.

DEFINITION 3.3 An arithmetical function f is said to be multiplicativeif f(1) =
1 and when (m,n) =1,

f(mn) = f(m)f(n).

All completely multiplicative functions are multiplicative functions. We have
already seen that ¢(n) is multiplicative but we will not assume this fact in
this chapter. In fact, the purpose of this chapter is to study some properties of
multiplicative function and show that ¢(n) without using the Chinese Remainder
Theorem. There are of course simpler multiplicative functions. We will encounter
one of them in the next section.
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Multiplicative Functions

Multiplicative function and perfect numbers

LEMMA 3.1 Let (m,n) =1 and a be any positive integer. Then (a,m)(a,n) =
(a,mn).

Proof
It suffices to show that

(<a,m?<a,n>’ <a7,nm> (:n)) B

First observe that (a, m)|a and (a,n)|a and since (m,n) = 1, we have ((a,m), (a,n)) =
a

1 and this implies that (a,m)(a,n)|a. In other words, is an integer.

(a,m)(a,n)

a m
Next, and are relatively prime implies that

(a,m) (a,m)

((a,mgl(a,n)’ <afnm>) -t

Similarly,

((a,mia,n)’ <a7n>> -

Combining the last two identities yields

(e ) =1
O

When (m,n) = 1 and d|mn, the above lemma shows that d can be written
uniquely in the form dyds with dq|m and da|n. To see this, we observe that

d = (d,mn) = (d,m)(d,n),
which implies that d = dydy with dq|m and da|n. Next, we prove uniqueness of
such representation. Suppose d = djd}, dj|m and dj|n. Then
(d,m) = (dydy,m) = (dy, m) = dj
since (m,n) = (m,dy) = 1. Similarly,
(d,n) = dy
and this shows that the representation of d = d;ds with di|m and da|n is unique.

The symbol Z f(d) denotes the sum of f(d) over all divisors of n.
d|n

THEOREM 3.2 If f is multiplicative, then » _ f(d) is multiplicative.
d|n
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Proof
Let g(n) = _ f(d). Then
d|n

glmn) = > f(d) =" f(dids)

dlmn di|m

da|n
=3 fd)f(d2) =D f(d) Y fdo) =D fdr) Y f(d2) = g(m)g(n).
di|m di|m da|n di|m da|n
da|n

DEFINITION 3.4 Let o be an integer. Let 0,(1) = 1 and

ga(n) = d°.

d|n

Note that o¢(n) = d(n). When o = 1, we write

o(n) =Y d=oi(n).

d|n

This is the sum of all divisors of n.
EXAMPLE 3.2 Show that o,(n) is multiplicative.

Solution

The function n® is multiplicative. Since o4 (n) = Z d® then o, (n) is multiplica-

d|n
tive by Theorem 3.2.
EXAMPLE 3.3 Let n= Hpﬁp. Show that
pln
pﬁp+1 -1
p|in pln

Solution
Since d(n) is multiplicative, it suffices to show that d(p”») = (1 + B,). Now,
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the divisors of p’» are 1,p,p?,---,p’ and so, p’» has exactly 1 + 3, divisors.
Furthermore,

pﬂp+1 1
p—1

and this completes the proof of the second formula.

U(p/3p):1+p+...p5p —

Perfect numbers

DEFINITION 3.5 A positive integer n is called a perfect number if it is the sum
of all its divisors d # n.

THEOREM 3.3 A positive even integer N is perfect if and only if N = 2F=1(2F —

1) where 2 — 1 is prime.

Proof

First, we observe IV is a perfect number if and only if
o(N)=2N.

Now, if N = 2¢=1(2F — 1) with 28 — 1 a prime, then the divisors of N are
27 0<j<k-—1and2/(2¥ —1),0 <j <k~ 1. The sum of divisors is

2F 14+ (28 —1)(2F —1) =2F (2% — 1) = 2N.

Hence, N is perfect.
Conversely, if N is even and perfect. Write N = 2¥~'m, k > 2 and m odd.
Since o(n) is multiplicative and (2¥=%,m) = 1, we conclude that

o(N) = o2 Ho(m) = (1+2+---+ 2]“*1) o(m) = (28 = D)o (m). (3.1)
But N is perfect and this implies that
o(N)=2N = 2Fm. (3.2)
From (3.1) and (3.2), we deduce that
(2% —1)o(m) = 2Fm.
Since (2’C -1, 2’“) =1, by Euclid’s Lemma, we deduce that
(28 — 1)|m. (3.3)

By (3.3), we may write
m= (2" —1)s, (3.4)
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with s > 1. With this expression for m, we find using (3.1) and (3.2) that
o(m) = 2Fs. (3.5)
If s > 1 then (3.4) shows that 1, s and (2¥ — 1)s are divisors of m. Hence,
o(m)>1+s+ (28 —1)s > s+ (28 —1)s = 2%s.

This contradicts (3.5). Therefore s = 1, m = 2¥ — 1 and o(m) = 2*. But this
means that 1 and 2F — 1 are the only divisors of m and hence m = 2¥ — 1 must
be a prime. O

The function ;(n) and further properties of multiplicative
functions

DEFINITION 3.6 Let f and g be two arithmetical functions. We define the
Dirichlet product of f and g, denoted by f * g, as

(f xg)(n }jf

REMARK 3.4  Suppose di,ds, -+ ,di are the divisors of n, then

j{j f(d)g(n/d) = f(d)f(n/di) + f(d2)g(n/do) + - - + f(di)g(n/dy).

Now, each d; can be written in the form n/d};, where d} is the conjugate divisor

of d;.Hence,
> fdygnfd) =" f(n/d)g(d

d|n d'|n
Therefore
> fd)g(n/d) =" f(n/d)g(d). (3.6)
d|n d|n

THEOREM 3.5 Let f and g be multiplicative. Then f * g is multiplicative.

Proof
The proof is similar to the proof that o, (n) is multiplicative. More precisely, if
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H(n) = f % g(n), then

Himn) = 3 f@ofd) = S f(dids)g (;”;)

dlmn didz|mn
- 3 ftana (2) > stas (&) = Homto)

We now give an application of the observation that f * g is multiplicative if f
and g are multiplicative.

DEFINITION 3.7 The Mébius function p(n) defined by u(1) = 1 and for n =
|y s

()™  fa=1,1<i<m
p(n) = : :
0 otherwise.

Note that p(n) is a multiplicative function.

THEOREM 3.6 Let p(n) be the Mobius function. Then

Z“(d):{l if n =1, .
d|n 0

otherwise.

Proof

First, we note that the left hand side (3.7) is p * u where u(n) = 1 for all
positive integers n. From Theorem 3.5, we know that u * v is multiplicative.
Hence p* u(1) = 1. To determine u * u(n) for n > 1, it suffices to determine the
values of u * u at prime powers. Now,

> w(d)=1-1=0,

dlp™
if a« > 1. Hence p*u(n) =0 for n > 1. O

Note that the right hand side of (3.7) can be written as [1/n] where, [z] is the
integer part of z.

DEFINITION 3.8 For positive integer n, we define I(n) = [1/n].
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Theorem 3.6 can be written as
pwru=1I.

Next, we will show that ¢(n) is multiplicative using Theorem 3.5.

THEOREM 3.7 For positive integers m and n such that (m,n) =1,

p(mn) = p(m)p(n).

Proof
Note that

k=1
(k,n)=1
=2 =2 uHY 1
k=1 e|(k,n) n eﬁl
n
= /) —
()
Ln

Hence ¢(n) is the Dirichlet product of the multiplicative functions u(n) and

N(n) and by Theorem 3.5, p(n) is multiplicative.

O

REMARK 3.8 Note that in the above proof that ¢(n) is multiplicative, we
avoid the use of the Chinese Remainder Theorem. Furthermore, when n = p®,

the above formula gives

(p*) =Y u(d)p®/d =p* —p* .

d|p™

EXAMPLE 3.4 Let n be an even positive integer. Show that Z pu(d)p(d) = 0.

d|n
Solution
Since n is even 2%|n for some positive integer a. Now, if F(n) Z wu(d
d|n
then F'(n) is multiplicative and F(n) = F(2%)F(m) if we write n = 2%n with

(m,2) = 1. But F(2%) = u(1)e(1) + u(2)p(2) = 0. Therefore F(n) = 0.

47
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The identity for the Dirichlet product, associativity and the
Mobius inversion formula

THEOREM 3.9 Let I(n) be given by [1/n]. The function I is the identity func-
tion for x, that is, I x f = f * I = f for every arithmetical function f.

Proof
By the definition of I, we find that

=Y 1@)f (5) = .

d|n

By the commutative law in Theorem 3.10, we conclude that

f=I=f.

THEOREM 3.10 The Dirichlet product is commutative and associative, that is,
for any arithmetical functions f, g, k, we have

fxg=gxf

and

(fxg)xk=fx(gxk)

Proof
The Dirichlet product of f and g is given by

(frg)n) =D Fldig (%)

d|n

Let di = n/d be the conjugate divisor of d. As d runs through all divisors of n,
so does d;. By (3.6),

(f*g)(n Zf( ) = (g% f)(n).

di|n

To prove the associativity property, let A = g*k and consider fxA = fx(g*k).
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We have
(f+ ) =Y @A (%)

aln

= > fa) > gb)k(c)

a-d=n b-c=d

= > fla)g®k(e).

a-b-c=n
Similarly, if we set B = (f x ¢g) and consider B x k, we have

Bxk)m) = 3 B(d)k()

d-c=n

=Y D fla)gb)k(e)

d-c=n a-b=d

> Fa)g(d)k(e).

a-b-c=n

Therefore,
(f * (g% k) (n) = ((f * g) * k) (n).
O

THEOREM 3.11 (The Mobius inversion formula) If f = g *u, then g = f * p.
Conversely, g = f * p implies that f = g * u.

Proof
Suppose f = g * u. Then by (3.8), Theorem 3.10 and Theorem 3.9, we deduce
that

frp=(gxu)xp=gx(uxp) =g=I=g.
Conversely, if g = f % p then

gru=(frp)ru=fx(uxu)=[fxI=f

EXAMPLE 3.5 Show that

n = Z o(d).
d|n

Solution

This follows from the above theorem and the fact that

o(n) = px N(n)

49
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where N (k) = k.

EXAMPLE 3.6 Show that o = ¢ x d.

Solution

Note that ¢ xd = (N * u) * (u * u). By associativity of *, (N % p) % (u * u)
(Nsp)xu)xu=(Nx(p*u))*xu=(Nx*xI)xu=Nx*u=o.



4.1

The Bertrand Postulate

The function [x]

DEFINITION 4.1 The function [z] is defined as the integer part of a real number
x.

REMARK 4.1 When x > 0, this function coincides with the more familiar
floor function |z] which gives the integer less than z. Note that [z] is NOT an
arithmetical function since its domain is not a subset of the set of integers. The
function I(n), however, is an arithmetical function in terms of [z].

We now give two results where [z] appears.

LEMMA 4.2 Let a be the exponent of p in the factorization of n!. Then

-3 [5].

where k is given by the inequality p¥ < n < pF*1.

Proof
The number of integers less than or equal to n and divisible by m is [ﬁ}
m

Therefore, the number of integers from 1 to n that is exactly a multiple of p’ is

b))

Hence, the exponent of p in n! is

() =)+ (G = [ ]) oo e (] = )+ o
-Gl ]

where k is such that
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DEFINITION 4.2 Let 2 > 0. The function {z} is defined as the fractional part
of x and it is given by {z} = x — [x]. The number {z} satisfies 0 < {z} < 1.

LEMMA 4.3 Let n and k£ < n be positive integers. Then

[2:]—2[2} =0 or 1.

Proof
Note that 2n/k = [2n/k] + {2n/k} and n/k = [n/k] + {n/k}. Therefore,

0=2n/k—2(n/k) =[2n/k] — 2[n/k] + {2n/k} — 2{n/k}.
Since 0 < {x} < 1, we conclude that —2 < {2n/k} — 2{n/k} < 1, and therefore,
{2n/k} — 2{n/k} = —1 or 0 and this implies that [2n/k] —2[n/k] =0or 1. O

REMARK 4.4 The above lemmas will be used later in this chapter.

Bertrand’s postulate and three Lemmas

We begin with a simple example.

EXAMPLE 4.1 Let n > 2 be a positive integer. Then there exists a prime in
the interval (n,n!).

Solution

Suppose there are no prime in the interval (n,n!). This implies that if g|(n! — 1)
then ¢ < n. But if ¢ < n then g¢|n! this implies that n! — 1 = 0 (mod ¢) and
n! =0 (mod ¢) which implies that ¢ = 1, a contradiction. Therefore, there must
be a prime in the interval (n,n!).

REMARK 4.5 This implies that there are infinitely many primes and the proof
is similar to Euclid’s proof.

The question we can ask now is whether we can shorten the interval (n,n!)
and make the same conclusion. It turns out that we can. The fact which is known
as Bertrand’s Postulate:
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THEOREM 4.6 Let n > 2 be any positive integer. There is at least a prime in
the interval (n,2n).

We will give Erdos’ proof of Theorem 4.6 after proving a few important lem-
mas.

LEMMA 4.7 Let r(p) satisfies

PP < op < prPFL (4.1)
Then
(2”> I »®
" p<2n
Proof
k

By Lemma 4.2, the exponent of p in n! is Z [n/p’], where k is such that

<n

-
5] { H

By Lemma 4.3, [2n/p’] — 2[n/p’] = 0 or 1 and hence,

Sl B

()

p
Therefore the exponent of p in (
T(p){

Jj=1

Therefore,

H p'P)

p<2n

LEMMA 4.8 If p> 2 and

then



54

The Bertrand Postulate

Proof
If p satisfies

2n <p<
2% n,
3 p=

then p occurs once in the factorization of n!. This is because if 2p < n, then

<n<2n<
p_2 3 D,

which is a contradiction to our assumption. Now p occurs twice in (2n)! because

3p > 2n. Therefore,
2n
pT<n>~

LEMMA 4.9 Forn > 2,

Hp<4”.

p<n

Proof

Let P(n) denote the statement “H 4% Tt is clear that P(2) and P(3) are
p<k
true. If m > 1, then

H p= H P < 42m+1 < 42m+2.
p<2m+42 p<2m+1

Therefore,
P(2m + 1) implies P(2m + 2).
Suppose n = 2m + 1. Then each prime in the interval [m + 2,2m + 1] is a

2 1
factor of < me ) . This is because primes in the interval do not occur in the
m

denominator of <2mm+ 1) (which is m!(m + 1)!).
Since P(m + 1) holds, we find that

Moo= T o I ws (™)

p<2m+1 m+2<p<2m+1 p<m+1
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But,
(14 1)2m+1 = 2m +1 + 2m +1 R 2m +1
0 1 m
2m + 1 2m +1 2m + 1
>2 .
+<m—|—1)+ +<2m—|—1> ( m )
Therefore,
<2m+1> < qm
m
Hence,
H P S 4m . 4m+1 — 42m+1
p<2m-+1
and P(2m + 1) is true. O

Erdos’ Proof of Theorem 4.6

In this section, we prove Bertrand’s postulate.
Suppose that Bertrand’s postulate is false. Then there exists a positive integer
n > 1 such that there is no prime p in the interval [n,2n). By Lemma 4.8, all

prime factors of
2n
n

must satisfy p < 2n/3. Let s(p) be the largest prime power of p that divides

(2:) By Lemma 4.7,

1 »o = (2n>| I ».
p<2n/3 n p<2n
Therefore, s(p) < r(p) and
pS(p) < pT(p) < 2n (4.2)

by (4.1). If s(p) > 1, then p*®) > p? and thus,

p<Van

since p*(®) < 2n. In other words, no more than [v/2n] primes occur in (2:> with
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exponent larger than 1. Now,

(2:): M7= I » ] »®

p<2n/3 p<2n/3 p<2n/3
s(p)>1 s(p)=1

<1 » 11 »

p<v2n p<2n/3

< (Qn)[\/%]gl[?n/i*]’

by (4.2) and Lemma 4.9.
Next, since

(1+1)2 = (2§>+-~+<2:)+~-+<§Z) <@2n+1) (?)

we conclude that

4 < (2:) < (2n)\/%42n/37

which implies that
4" < (2n 4+ 1)V

Therefore,

n% < (V2n+1)In(2n +1).

The above inequality is true for only small values of n, for example, n < 469.
This implies that for n > 750, Bertrand’s postulate is true. For n < 750, we
verify directly that Bertrand’s postulate is true by observing that 3 is a prime
between 2 and 4, 5 is a prime between 3 and 6, 7 is a prime between 5 and 10,
13 is a prime between 7 and 14, 23 is a prime between 13 and 26, 43 is a prime
between 23 and 46, 83 is a prime between 43 and 85, 163 is a prime between 83
and 166, 317 is a prime between 163 and 326, 631 is a prime between 317 and
634.

EXAMPLE 4.2 Prove that n! = mF

1,n>1.

is impossible in integers for £ > 1,m >

Solution

The claim is true for n > 5. Suppose n = 25 or 25 + 1. By Bertrand’s postulate,
there exists a prime p between j and 2j. The exponent of p in n!is 1. If n! = m*,
then p|m” which by Euclid’s Lemma would imply that p|m. This means that the
exponent of p in m” is greater than 1, which contradicts that p divides n! but

p? t n!. Therefore, n! = m* with k > 1 is not solvable in n > 1 and m > 1.
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EXAMPLE 4.3 Let n > 4. Then the product of the first n — 1 primes is greater

n—1
than the square of the n-th prime. In other words, H Dj > p2.
j=1

Solution

The claim is true for n = 4 since 2-3-5-7 = 210 > 121 = 112. Suppose the
claim is true for K =n — 1. Then p, 41 < 2p,, or

pgwl < 4pi <d4dpy-pa----- Pn—1<P1-P2°" " DPn-1"-Dn;

where we have used the fact that p, > 7 > 4.
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Congruence equations

Congruence equations

Let f(x) be a polynomial with coefficients in Z. A congruence equation is of the
form

f(z)=0 (mod m),

where m is a positive integer. In this Chapter, we will study such equations.

THEOREM 5.1 Let f(x) be a fixed polynomial with integral coefficients, and
for any positive integer m let Ny(m) denote the number of solutions of the
congruence

f(z)=0 (mod m).

If m = mimg where (m1,mg) = 1, then Ny(m) = Ng(m1)Ns(me). If m =
[ I, p° is the canonical factorization of m, then

Ny(m) =[] N¢ ().

Proof
Let m be a positive integer. Suppose (mi,ms) = 1 and that there are Ny¢(mq)
solutions, say {aq,--- 7aNf(ml)}, to

f2)=0  (mod my)

and Ny(mgz) solutions, say {b1,---,bn;(ms)}, to the equation
f@)=0 (mod may).

To each pair of solutions (a;, b;) there exists an integer ¢;; modulo m such that
flei;) =0 (mod my)

and

flcij) =0 (mod my).
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The existence of c;; is guaranteed by the Chinese Remainder Theorem. This
implies that

fleij) =0 (mod m)
and therefore
Ng(m1)Ng(mz) < N (f).
Next, if
f(z)=0 (mod m)

and m = myma, (m1, m2) = 1, then by Chinese Remainder Theorem, there are
N¢(m) pairs (& mod mq,b (mod ms)) such that

f(@)=0 (mod my)
and
f(b) =0 (mod mz).
This implies that
Np(m) < Ny(m1)Ny(my).
Hence,

Ny(mima) = Ng(m1)Nyg(mo).

EXAMPLE 5.1 Let f(z) = 2%+ 2+ 3. Find all roots of the congruence f(x) = 0
(mod 15).

Solution

The solutions for f(z) = 0 (mod 15) are 3,6,8,11. The solutions for f(z) =0
(mod 3) are 0 and 2 and for f(z) =0 (mod 5) are 1 and 3. Note that N;(15) =
Ny (3)Ny(5)-

Prime power moduli

Theorem 5.1 shows that in order to solve
f(z)=0 (mod m),
it suffices to solve
f(2)=0 (mod p®) (5.1)

for p®|/m where p is a prime.
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We now show that in order to solve (5.1), if suffices to find the solutions of
f@)=0 (mod p),
By Taylor’s series expansion,
fla+tp)) = f(a) + 17 f/(a) + £2p f"(a) 2+ -+ "™ [ (a) /n),  (5.2)
where n is the degree of f(x). Observe that if

flz) = Z cra”,
r=0

then
f(k)(‘r) _ - r r—k
Moo 2T \g)”
r==k
Therefore,
¥ (a)
k!

is an integer for 0 < k < n.
Let a be an integer that satisfies the congruence

f(a)=0 (mod p).

In other words,

P |f(a). (5.3)
Next, suppose f(a +tp’) =0 (mod p/*1). Since
£ (k) ,
thphi F(a) =0 (modp’™),

k!
for k> 1 (25 > j for j > 1), we conclude from (5.2) that

0= fla+tp’) = f(a) +tp’ f'(a) (mod p’*1),
which implies that

tf'(a) = —@ (mod p). (5.4)

p
Note that the right hand side of (5.4) is an integer by (5.3). We now split our
investigation into cases:
Case 1.

If p|f'(a) but pt f;;b) then (5.4) is not solvable.

Case 2.
If p|f'(a) and p|@ then there are p solutions for ¢ in (5.4).

p]
Case 3. pt f/(a).

In this case, there is a unique solution ¢ for (5.4) and hence we obtain
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THEOREM 5.2 (Hensel’s Lemma) Suppose that f(z) is a polynomial with in-
tegral coefficient. If f(a) =0 (mod p’) and f’(a) Z 0 (mod p), then there is a
unique ¢ (mod p) such that f(a+tp) =0 (mod p/T1).

REMARK 5.3 Note that if w is solution of

f(z)=0 (mod p/™), (5.5)

then by division algorithm, we can write v = a + tp’ for some a and t where
0<a<p’ and 0 <t <p, we conclude that all solutions of (5.5) are of the form
a+ tp?, with

f(a)=0 (mod p’), (5.6)

and so, we have exhausted all possible solutions to (5.5) by considering solutions
of (5.6).

EXAMPLE 5.2 Solve 23 — 22?2 + 3z +9=0 (mod 33).

Solution

The solutions to the congruence

are ¢ = 0 and 2.
Now,

f'(x) = 32% —4x + 3.

Since f/(2) £ 0 (mod 3), we see that there is a unique solution arising for x = 2.
We need to solve

7t =-15/3 (mod 3)

and it turns out that ¢ = 1. The solution for the congruence f(z) =0 (mod p)
arising from z = 2 is therefore 2 + 3 = 5.
Now

f(0)=3 and f(0)=09.
Hence there are three solutions for
f(z)=0 (mod 9)
corresponding to the solution x = 0 from

f(@)=0 (mod 3).
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These are x = 0,3 and 6.
We now have four solutions for

f(x)=0 (mod 3%).
We check that f(0) =9 and f/(0) = 3 and so
f(@)=0 (mod 27)

has no solution arising from x = 0.

Next, f(3) =27 and f/(3) = 18 and so, there are three solutions arising from
x = 3. These are x = 3,12 and 21.

For x = 6 we have f(6) = 171 and f/(6) = 87. But 3 { (171/9) and hence,
there are no solutions arising from = = 6.

For x = 5 we find that f(5) = 99 and f’(5) = 58 and we need to solve the
congruence

58t =—11 (mod 3).

The solution is t = 1 and so 14 is the solution for the congruence.
In conclusion the solutions to the congruence

f(z)=0 (mod 27)

are 3,12,14 and 21.

5.3 Prime moduli

In the previous section, we have seen that we can reduce the problem of finding
solutions for f(z) =0 (mod p®) to finding solutions for f(x) =0 (mod p).

We will first prove a result for polynomials over a field F, that is an analogue
for the Division Algorithm for integers.

THEOREM 5.4 Given the polynomials f(z), g(z) € Flz], where deg g(z) > 0,
there exist polynomials q(x),r(z) € F[z] such that

f(@) = g()q(2) + r(z),
with either r(z) = 0 or 0 < degr(z) < degg(z).

Proof

We proceed by induction on deg f(z). First fix the polynomial g(x). Suppose
f(x) =0or deg f(x) < deg g(x), then f(x) =0-g(x)+ f(x). So we may assume
that deg f(x) > deg g(z).
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Suppose the statement is true for any polynomials with degrees less than or
equal to n — 1. Let f(z) be a polynomial of degree n. Write

f(x) = ao + a1z + -+ aza”,
and
g(x) =bo + b1z + -+ + bpa™,

with a, # 0 and b,, # 0 and n > m. Since F is a field, b} exists and the
polynomial

P(z) = f(z) = blans""g(z) (%)

has degree n — 1. Hence, there exist ¢(z) and r(z) such that

P(z) = q(x)g(z) + (),
with deg r(z) = 0 or deg r(x) < deg g(z). But by (*),

f(x) = (a(@) + by ana" ™) g(x) + r(z),

hence the result.

O

We now let F be the finite field F,, := Z/pZ. Let g(z) be the polynomial 2? —z
and suppose the degree of f(z) is n > p. By Theorem 5.4, we conclude that

f(@) = (o — x)q(x) + r(z),
with ¢(z),r(x) € Fp[z] and 0 < degr(z) < p.
Suppose u is such that
f(u) =0 (mod p).

By Fermat’s Little Theorem, we find that «? —u =0 (mod p). Therefore, r(u) =
0 (mod p). Conversely, if r(u) =0 (mod p), then f(u) =0 (mod p). This shows
that to study f(z) = 0 (mod p), it suffices to consider those polynomial f(z)
with deg f(z) < p.

THEOREM 5.5 (Lagrange) Let p be a prime and f(x) be a non-zero polynomial.
If the degree of f(x) is n < p, then the congruence

f(x)=0 (mod p) (5.7)

has at most n solutions.

Proof

We prove this by induction on the degree of f(z). If n = 0, ag Z 0 (mod p)
implies that there are no solution to (5.7). If the degree of f(z) is 1, then we see
that we are solving

a1x +az =0 (mod p).
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This is solvable since a3 # 0 (mod p). Therefore the number of solution is 1.
Suppose the result holds for all polynomials of degree less than n. Let f(z) be a
polynomial of degree n. If f(z) =0 (mod p) has no solution, then we are done.
Next, suppose u be a root of the n-th degree polynomial f. Then by the division
algorithm for F,[z],

f(z) = (z—u)g(x) +ro
for some polynomial g(z) of degree n — 1. Hence,
ro =0 (mod p)
since
f(u)=0 (modp) and (u—u)g(u)=0 (mod p).
Therefore,
f(@) = (& —u)g(z) (mod p).

Next, let a be a solution to f(z) = 0 (mod p). Then by Euclid’s Lemma,
p|(a —u) or g(a) =0 (mod p). This shows that

Nf(p) < Ny—u(p) +Ng(p) <14+ (n—-1)=n,

since by induction, N,(p)) < n — 1 as the degree of g(z) is n — 1.
This completes the proof of the theorem.
O

REMARK 5.6 The above result is false if p is not a prime. For example the
congruence equation

z?=1 (mod 8)

has four solutions z =1, 3,5, 7.

COROLLARY 5.7 If d|(p — 1) then the congruence ¢ =1 (mod p) has exactly
d solutions.

Proof
By previous theorem, the congruence cannot have more than d solutions. For
the converse, let p — 1 = de. Note that

J,‘p_l 1= (J?d _ 1)($d(6_1) + xd(e—Q) NI Jid + 1)
Now,
szflfl(p) S N:vdfl(p) + de(6*1)+md(€*2)+“'+1(p) S d + de —d = p- L

If Nya_1(p) < d, then Nyp-1_1(p) < p—1. But Nyp-1_1(p) = p—1 since there are
exactly p — 1 solutions to the equation 2P~t — 1 =0 (mod p) by Fermat’s little
theorem. This contradiction shows that 2% — 1 must have exactly d solutions. [
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EXAMPLE 5.3 The congruence x'° =1 (mod 811) has ten solutions and these
are

1,212,241,311,339,472, 500,570,599 and  810.

REMARK 5.8 In general, if d t (p—1), the number of solutions for the congruence
z? = (mod p)

is (d,p — 1). This will be shown in the next chapter.

Wilson’s Theorem and Wolstenholme’s congruence

THEOREM 5.9 (Wilson) If p is prime then

(p—1)!=-1 (mod p).

Proof
Let F, =Z/pZ. If p =2, then 1 = —1 (mod 2). Let p be an odd prime. Let

g(x) = Pt — Up = (@ = [1p)(x = [2]p) - (z — [p—1]p) € Fpla].

The polynomial congruence equation g(z) has at most p — 2 solutions since the
degree of g(z) is p — 2. But by Fermat’s little theorem, the equation g(z) has
p— 1 solutions. Therefore, we conclude that in g(z) must be the zero polynomial
in Fp[z]. This implies that

1= (@—1)(@—2)(r—(p—1)) (modp).
Setting x = 0 we conclude that
(p—1)t=-1 (mod p)
since p is odd. O
Let p is an odd prime. Let
F(a) = (x—1)(@—2)-(z — (p—1)).
Write

1 2 -3 2
F(z)=aP"" —o1aP " +022P 7> — -+ - + 0p_32° — 0p_2x + 0p_1,
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where o; denotes the sum of all products of j distinct roots of F(x). In the
proof of Theorem 5.9, we have seen that the polynomial

fla) =aPt = (1], — (& = [Up)(@ = [2p) -+ (= [p — 1)
is the zero polynomial in Fp[z]. This means that in F,[z],
27—l = F(2) = (v — [Up)(z = [2p) - (@ = [p = 1],)

= 2Pt — (1] + [o2]pa? T — o [ops]pr® — [op—alpr + [op-1]p-

Comparing the coefficients of 27 on both sides of the above polynomials in F,[x],
we conclude that

0; =0 (modp),1<j<p—2 (5.8)

We now prove a result stronger that (5.8) when j =p — 2.

THEOREM 5.10 (Wolstenholme’s congruence) For prime p > 5,

op—2=0 (mod p?).

Proof
Let p > 5 be an odd prime. First, note that

Fip)=p-1Dp-2)---@-p-2)p-(@-1)=0@-1
On the other hand,
Fp)=pP L —opP 24 —ap ap+ (p—1)L.
This implies that

—2

pp 70’1pp73+"~+0'p_3p70'p_2 :0 (59)

By (5.8),
op—3 =0 (mod p)
and we conclude that

0p—2=0 (mod p?).

EXAMPLE 5.4 Let p > 5 be a prime. Let o; be given as follows:
(@-1)(@=-2) (@@= (p—1) = 2" — 010”2 + 0paP
+ot (1P 20, gz + (=1)P o, _y.

Show that o,_2 = po,_3 (mod p?).
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Solution
From (5.9), we find that

Op—2 = pp72 - O—lpp73 + -+ 0;:;—4172 + Op—3D-

But o are divisible by p for j = 1,2, - - - p—4. Therefore, 0,_2 = po,—3 (mod p?).
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6.2

Primitive roots

Order of an element in a group

We will need a simple lemma from group theory.

LEMMA 6.1 Let G be a group. If a has order h in G, then a* has order h/(h, k).

Proof
Let d = (h, k). Let r be the order of a*. Then a"* = 1 and hence h|rk. Hence,

h k

| (r-=].

d d
Since (h/d, k/d) = 1, we conclude that (h/d)|r.

Next,
aWDE (kYD) .
Hence, r|(h/d). This implies that
r=h/d = h/(h, k).

Integers m for which (Z/mZ)" is cyclic

DEFINITION 6.1 If g has order ¢(m) in (Z/mZ)* then g is called a primitive
root modulo m.

REMARK 6.2 When a primitive root exists for (Z/mZ)*, we see that (Z/mZ)*
is a cyclic group of order ¢(m).
We first turn to the number of primitive roots in (Z/mZ)*, assuming that

M(m) := (Z/mZ)* is cyclic.
Let g be a primitive root of M (m). Then every element in M (m) is of the form
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g*. By Lemma 6.1, the order of g* is ¢(m)/(¢(m), k) and so g* is a primitive
root if and only if (¢(m), k) = 1. We have thus shown that

THEOREM 6.3 If M(m) is cyclic, then there are precisely ¢(¢(m)) primitive
roots modulo m.

Our next aim is to show that M (m) is cyclic (or in another words, primitive
roots modulo m exists) if and only if m = 2,4,p* and 2p®, where p is an odd
prime and a > 1. (Note that we do not consider m = 1 since M (1) is an empty
set.)

We will first establish the fact that if m = 2,4, p® and 2p®, where p is an odd
prime, then M (m) is cyclic.

There is nothing to prove for 2. For m = 4 we observe that [3]4 is a primitive
root modulo 4.

We now prove that if m = p, where p is an odd prime then M (m) is cyclic.

LEMMA 6.4 If n is an integer > 1, then

n= Z o(d).
d|n

Proof
Observe that

{L,2,--- ,n} = Ugn{f|(n,£) = dand 1 < £ < n}. (6.1)

Note that there is a one to one correspondence between the set Ay = {¢|(n,¢) =
dand1 < ¢ <n} and By = {k|(k,n/d) = 1,1 < k < n/d}. Since |By| = ¢(n/d),
we conclude from (6.1) that

n=> |Ad = |Ba =D ¢n/d) = o(d).
d|n

d|n d|n d|n

THEOREM 6.5 The group M (p) is cyclic.

Proof
Let

M(p) = U {y|y has order d.}.
dl(p—1)

Let f(d) = |{y|y has order d.}|.
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Suppose f(d) # 0, then there exists an element of order d. By Corollary 5.7,
the elements Yy = {1,9,%2,--- ,y% '} are the only solutions to the congruence
equation

z?=1 (mod p). (6.2)

Observe that all elements in M (p) with order d are contained in Yy since they
satisfy (6.2). By Lemma 6.1, the number of elements with order d is ¢(d) if
f(d) # 0. This means that f(d) < ¢(d). Now,

p—1= % f@< Y o).

d|(p—1) d|(p—1)

We have seen that f(d) < ¢(d). If f(d) = 0 for some d, then p—1 < p— 1, which
is impossible. Therefore, f(d) = ¢(d) for all d|(p — 1). In particular, f(p — 1) =
o(p — 1) # 0 and therefore M (p) contains elements with order p — 1, which
implies that M (p) is cyclic. O

We now prove a generalization of Theorem 5.7.

THEOREM 6.6 Let p be a prime number. The number of solutions to
z¥=1 (mod p) (6.3)
is (d,p — 1).

Proof

By Theorem 6.5, M(p) is cyclic. Let g be the generator of M(p). A solution to
4 =1 (mod p) must be of the form g* for some integer 1 <t < p — 1. Hence,
we may rewrite the congruence equation as

g9 =1 (mod p).

Since ¢ is the generator of M (p), its order is p—1 and by Theorem ??, we conclude
that p — 1|dt. In other words, ¢ must satisfy dt = 0 (mod p — 1). By Theorem
1.25, we conclude that the number of ¢’s that satisfy the linear congruence is
(d,p —1). This implies that the number of solution to (6.3) is (d,p — 1). O

We now give a third proof of Wilson’s Theorem using the fact that M (p) is
cyclic.

EXAMPLE 6.1 Show that (p — 1)! = —1 (mod p) using the fact that M(p) is
cyclic.

Solution
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Let g be a primitive root modulo p. Then

(p— 1)l =g 2ttt = gpe=D/2 - (mod p).
By Fermat’s Little Theorem g” = ¢g (mod p) and thus
(p—1)!'=g® Y2 (mod p).

Since g?~! = 1 (mod p), we find that (g(l’_l)/Q)2 = 1 (mod p). This implies
that g®»=1/2 =1 (mod p) or g»~1/2 = —1 (mod p). Since g is a primitive root,
gP~1/2 £ 1 (mod p), and we must have

(p—1)!'=gPV2=_1 (modp).

Next, let @ > 1. We will show that M (m) is cyclic when m = p®, with p an
odd prime.

LEMMA 6.7 Let p be an odd prime. There exists a primitive root g modulo p
such that

g #1 (mod p?).

Proof
Suppose g is a primitive root modulo p such that g?=* =1 (mod p?). Write

"t =1+ p’k.
Let h = g + p. We claim that h?~! # 1 (mod p?). Suppose not. Then
Pt =1 (mod p?)
or
(g+p)'~" =1+p.
This gives
g e~ 1)+ g - D - 2)/2+ T =149
But ¢g?~! =1 + p%k and so,
L+ p°k+pg" 2(p— 1)+ " P’ (p—)p—2)/2+ - +p" ' =1+p™

and this implies that p?|p(p —1)g?~2, or p|gP~2, which is a contradiction. Hence,
hP=1 £ 1 (mod p?). O

LEMMA 6.8 Let g be a primitive root modulo p such that
g #£1 (mod p2).
Then for every a > 3, we have

g?®" D £1  (mod p®).
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Proof
We first proved the case a = 3. Since g is a primitive root modulo p such that

g* P #1  (mod p?).
Then since g?~! =1 (mod p), we deduce that
g =1+sp

where p 1 s. Next, suppose g‘P(pz) = 1 (mod p?) then g?®=1) = 1 4+ p3¢. This
implies that

(r—1)

1+p3t=g(p_1)p=(1+5p)p=1+sp2—|—p > (sp)2 + - + (sp)P.

This implies that p|s, which is a contradiction. Therefore, v ) £1 (mod p?).
We now prove the result for o > 3 by induction. Suppose

g?® ") £ 1 (mod p* ). (6.4)
We want to show that
g“’(pail) Z1 (mod p®).

By Euler’s Theorem,

g?@ " =1 (mod p*2)

and hence,

()1—2) -1 +Spa72’

gw(p
for some integer s. By (6.4), we conclude that pt s. Suppose
g?" ") =1 (mod p®),
or g“"(pail) =1+ p®k. Then
(1+ sp™ 2P = gpv:(p“’z) _ gw(p"*l) =1+ p%k.
This yields
1+ sp® *p+s”p" Pp(p = 1) /24 - + (sp)" 72 = 1 4+ pk.

(Note that 2 — 4 + 1 > « since a > 3.) Therefore, p® divides p®~'s, which
implies that p|s, a contradiction. Hence,

g?0" D £1 (mod p?).

THEOREM 6.9 The group M (p%) is cyclic.
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Proof
From Lemma 6.8, we know that there exists a primitive ¢ modulo p such that

g?@" ) £1 (mod p?).

We will show that the order of this element is ¢(p®). Let ¢ be the order of
¢#®" ") By Euler’s Theorem,

(gw(pa’l))p = ¢v(P") =1 (mod p%)
since
o(p™) = pe(p™ ).

Hence /|p and ¢ = p since £ # 1. Let k be the order of g. Then by Lemma 6.1,
the order of g#®" ") is

This implies that

or

In other words,

for some d|(p — 1). Now,
g =gk =1 (mod p%)
implies that
=1 (mod p)
and this shows that
(mod p)
since g? = ¢ (mod p). Since g is a primitive root modulo p, (p — 1)|d. Therefore,
k=p"ld=p"""(p—1) = ¢(p%)
and this shows that ¢ is a primitive root modulo p®. O
Since
M(2p®) = M(p®),

we conclude that M (2p®) is also cyclic.
We have thus shown that
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THEOREM 6.10 Let p be an odd prime. The group M (m) is cyclic if

m=2,4,p% and 2p“~.

EXAMPLE 6.2 Prove that 3 is a primitive root of all integers of the form 7%.

Solution

We check that 3 is a primitive root modulo 7 and 35 = 43 # 1 (mod 7%).
Therefore, 3 is a primitive root modulo 7 for any positive integer k.

EXAMPLE 6.3 Show that if r is a primitive root modulo p?, then r is a primitive
root modulo p.

Solution

Suppose 7 is not a primitive root modulo p. Let d|(p — 1) and d < p — 1 be the
order of 7. Then r? = 1+4sp and r® = 1+sp>+s2p?p(p—1)/2+--- =1 (mod p?).
But the order of » modulo p? is p(p — 1) since r is a primitive root modulo p?.
Hence p(p — 1)|pd or (p — 1)|d. This implies that d > p — 1 and contradicts our
assumption about d being less than p — 1.

Integers m for which (Z/mZ)" is not cyclic

We will now prove that M (m) is not cyclic for m # 1,2,4,p* and 2p®.
We first prove that M(2°) is not cyclic for B > 3. This follows from the
following lemma:

LEMMA 6.11 If B > 3 then M (27) is not cyclic.

Proof
The elements in M (2%) are of the form [z],s, with x being an odd integer. If we
can show that all elements of M (2%) has order strictly less than 2771, then we
can conclude that M (2%) is not cyclic. Hence it suffices to show that for all odd
integers x,
2277 =1 (mod 2°). (6.5)
When 3 = 3 then 22 = 1 (mod 8) for all odd integers x. This can be verified
directly. We now prove by induction that M (2%) is not cyclic for all positive



6.3 Integers m for which (Z/mZ)" is not cyclic 75

integer 8 > 3. Suppose (6.5) is true for positive integers less than §. Then this
means that

27 =1 (mod 2°71)
for all odd integers . Therefore,
227 =142

Squaring both sides of the above, we find that

S
Hence,
2f-2 _ B
x =1 (mod 2°),
and this completes our proof that M (2°) is not cyclic. O

Next, we observe that if m is not a prime or power of a prime, then m can
be expressed in the form ab with (a,b) = 1 and 1 < a < b. Note that M (ab)
is isomorphic to M(a) x M (b). Since [—1]? = [1]4, we conclude that if a # 2,
then M (a) contains an element of order 2. Similarly M (b) contains an element
of order 2. By Chinese Remainder Theorem, there exists elements [a],p and [5]qp

in M (ab) satisfying

a=-1 (moda),a=1 (modb)
and

=1 (moda),B=-1 (modbd).
Note that

o*>=p2=1 (modp)and a# 3 (modp).

This implies that M (ab) contains more than one element of order 2 and we
conclude that M (ab) cannot be cyclic. This implies that if m is not a prime, a

prime power or 2p®, with p an odd prime, then M (m) is not cyclic.
This completes our proof that M (m) is not cyclic if m # 2,4, p* and 2p*.
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Primitive roots and solutions of congruences

In general, given a positive integer IV, there is no simple way to determine if
z¥=a (mod N)

is solvable or not. However, in the case when M (N) is cyclic, we have the fol-
lowing theorem:

THEOREM 7.1 Suppose m = 1,2, 4, p* or 2p®, where p is an odd prime. Let
(a,m) =1 and let d = (¢p(m),n). The congruence

n

2" =a (mod m) (7.1)
is solvable if and only if

a?M/d =1 (mod m).

Proof
We may assume that n < ¢(m) by Euler’s Theorem. Let g be a primitive root
modulo m. If

2" =a (mod m)

has a solution, then let g' be one of its solution. Let a = ¢g° for some integer
s. Then ¢'™ = ¢ (mod m) which implies that tn = s (mod ¢(m)). Since the
above congruence is solvable, it means that (n,¢(m)) = d divides s. Let s = dk.
This implies that

a?m/d = gdkem)/d — gke(m) =1 (mod m).
Conversely, suppose
a?™/d =1 (mod m).

Let a = ¢°. Note that from our assumption and the fact that g is a primitive
root, we must have

p(m)|(sp(m)/d).
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Hence d|s, or s = dk.
Now consider the linear congruence

nt=s (mod p(m)).

Note that since d = (n,¢(m)) divides s = dk, the above congruence is solvable
by Theorem 1.25. We may write nt = s + ¢(m)h. Now, let u = g*. Then

s+p(m)h —

=gt =g g°=a (mod m)

and hence
2" =a (mod m)
is solvable. O

By specifying n = 2 and m = p we see that

THEOREM 7.2 (Euler’s Criterion) The congruence equation
r?=a (mod p)
is solvable if and only if

a?™ /2 =1 (mod p).

7.2 The Legendre Symbol

Let a be any integer relatively prime to p, where p is an odd prime. The Legendre
symbol is defined by

)

When pla, we set

{ 1 ifz?2=a (mod p) is solvable,

—1 otherwise.

(5)-e

From the Euler Criterion, we see immediately that if p 1 a,

aP=D/2 = (a) (mod p).
p

This is because a?~' = 1 (mod p) and so a?~1/2 = £1 (mod p).

EXAMPLE 7.1 Let p be an odd prime. Show that the Legendre symbol (E>
p

is a completely multiplicative function.
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Solution

From Euler’s Criterion, we obtain immediately that if (mn,p) = 1, then

(m”> = (mn) P72 = =D/2(-D/2 = (m) <”> (mod p).
P

(5)-G)G)

This implies that
When (mn, p) = p, then p|m or p|n and

()-()3)
p p p

This implies that the Legendre symbol (%) is a completely multiplicative func-
tion.

EXAMPLE 7.2 Let p be an odd prime. Suppose that a = bp + r. Show that
G)-G)
p p)

Solution
Note that solving
z“=a (mod p)
is the same as solving
> =bp+r=r (mod p).

This means that the first congruence is solvable if and only if the second con-

grueIlCe iS SOlVable. TherefOI‘e,
.

In the subsequent sections, we will learn an algorithm in computing the Leg-
endre symbol, thereby allowing us to determine the solvability of the congruence

z2=a (mod p).

DEFINITION 7.1 For (a,p) = 1, we say that a is a quadratic residue modulo p if

2?2 = a (mod p) is solvable. Otherwise, we say that a is a quadratic non-residue

modulo p.
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Gauss Lemma

In this section, we give a proof of the Gauss Lemma. For the following proof, let
£,(a) be the least non-negative residue of a modulo p.

THEOREM 7.3 Let p be a prime and let a be an integer such that (a,p) = 1.
Consider
—1
U:= {1727 7pT}

and let
V= {{(auv)|lu € U}.

Suppose there are m elements in V' which are greater than p/2, then

Proof
Let V= RUT, where R contains integers in U and 7' contains integers greater
than p/2. Let T’ = {p — t|t € T'}. Note that T” is a subset of U. We claim that
U=RUT'.

First, all elements in R are distinct elements of U. This is because if

r=r" (mod p)

for r, 7" € R, then since r = au (mod p) and r = au’ (mod p) for some u, v’ € A.
This implies that © = «' (mod p) and r = 7’. Similarly, if p—¢t =p—1t' (mod p),
we must have ¢ = t'. Suppose r = p — t (mod p). Then r + ¢ = 0 (mod p).
But r = au (mod p) and ¢ = au’ (mod p) for some u,u’ € U. This implies
that © + v’ = 0 (mod p) which is impossible since u, v’ are both less than p/2.
Therefore, R and T” contains distinct integers less than (p — 1)/2. Since there
are (p — 1)/2 such integers in RUT", we conclude that U = RUT".

Taking product of all the elements on the left hand side and right hand side,
we conclude that

<p21>!: [Ir[le-n=cu" [ ]]t

rE€R tET reR teT
-1
= (—1)/Tlgp=1)/2 (]72>' (mod p).

Therefore,
aP= /2 = (—)IT1 (mod p),

)

and hence,
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Proofs of Gauss’ Quadratic Reciprocity Law

Let @ = —1 then m = (p — 1)/2 since {,(au) ¢ U for all u € U. From Euler’s
Criterion or Gauss Lemma (Theorem 7.3), we deduce that

<_pl) = (_1)(17—1)/2.

This is the first part of Gauss’ quadratic reciprocity law.
Let a=2and p=1 (mod 4). Set p=4¢+ 1. We have U = {2,4,--- ,2¢,2( +
2,--+,4¢}. Hence m = £. In other words,

(2) 1 ifp=8+1
p —1 ifp=8(+5.
(2) 1 ifp=80+7
p —1 ifp=8(+3.

<;) _ (<),

We now prove the final part of Gauss’ quadratic reciprocity law.
We first prove a lemma.

Similarly, we have

In short, we may write

LEMMA 7.4 For any real number z, the function [z] is the greatest integer less
than or equal to z. For any distinct odd primes p and q,

where
(p—1)/2 .
=% 9= 9]
=1 1<j<®
Proof

First, we note that for 1 < j < (p — 1)/2, we can write using the division
algorithm that

qj =hjp+k;j,1 <k; <(p—1),
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where

I3

Note that k; is either greater that p/2 or less than p/2. Let m be the number of
j’s for which ¢; exceeds (p — 1)/2. We have encountered this number in Gauss
Lemma. Now, if k; is less than p/2 we leave it as k; and if it is greater than p/2,
we write k; = p — {; with ¢; less than p/2. Hence,

(p—1)/2 (p—1)/2
DRI ID DL D DI OE D DR
=1 =1 1<u<(p—1)/2 1<v<(p—1)/2
ku>p/2 ky<p/2
(r=1)/2
B SRIRETIRINL SRNTNS TS S
j=1 1<j<(p—1)/2 u v
kj>p/2

But in the proof of Gauss Lemma, we have shown that

(p—1)/2
Sl ko= >
u v Jj=1
Therefore, we conclude that
(p—1)/2 (p—1)/2
(g—1) Z il=p Z hj +pm —2 Z .
J=1 j=1 1<j<(p-1)/2

kj >p/2
The left hand side is even and so is the last term on the right hand side. Hence
(-1 = (-1

or
where the last equality follows from Gauss Lemma.

We next derive a simple lemma.

LEMMA 7.5 Suppose p and q are distinct odd primes. Then

T

j=1 =1
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Proof
Write

(r=1)/2 ¢ . (p—1)/2
3 {qq - 1= 1.
= P J=boaesdl ISI<g BIg<d
The upper bound for j is obtained by observing that

9 _q.P

<
p p 2

and that ¢ < q?j implies that j > %p. Therefore,

(b2 d—1p—1
Y- Yoy sty B
j=1 1<e<azl1<<ezt 1<e< 7 1< <pt =1

which gives the desired identity. O

The final part of Gauss’ Quadratic Reciprocity Law now follows by observing
that

<q) (P) _ (DS E) C (Cpye-na-D/,

p q

We have thus completed the proof of the quadratic reciprocity law and we
summarize the result as follow:

THEOREM 7.6 Let p and ¢ be distinct primes. Then we have

<—p1> _ (—1)e-D/2
<;) _ (1)@
(-

EXAMPLE 7.3 Show that 22 = 10 (mod 89) is solvable.

Solution

We compute

(8)- () &) (2)- ()
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The Jacobi Symbol

In this section, we discuss an extension of the Legendre symbol.

DEFINITION 7.2 Let @ be a positive odd integer so that

Q=q192--qs

where g; are not necessarily distinct. The Jacobi symbol is defined by

(6)-11()

Jj=1

where the expressions on the right hand side involving g; are the Legendre sym-
bols.

We observe that if @) is prime then the Jacobi symbol is simply the Legendre
symbol. We also note that if (P,Q) > 1, then

for some j and hence

(a)-¢
0 .
Now if P is a quadratic residue modulo @, then

2> =P (mod g;)

-

The converse, however, is not true. Although
2

) =1

(%)

=2 (mod 15)

is solvable and hence

the congruence

is not solvable.
From the definition of the Jacobi symbol and the properties of the Legendre
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symbol, it is immediate that

Finally, we observe that if P = P’ (mod Q), then

5-(2)

The main result we want to show in this section is

THEOREM 7.7 If Q is odd positive integer, then

(7)1

B)E)-ce
Proof

To prove the first equality, we observe that
ab—1 f(a—1 +b—1 _(a—=1)(b—1)
2 2 2 2 '
The numerator of the right hand side is divisible by 4 if both a and b are odd.
Hence,

ab—1 a—1 b-1
2 ( 5 T 2) (mod 2).

Hence if Q@ = ¢q192 - - - g5, then

i(qu_l) 9L (mod ).

j=1

This implies that

j=1

The proof of the second equality is similar except that we used the relation

a2b2—1_(a2—1+b2—1>_(a2—1)(b2—1)

8 8 8 8
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and observe that the numerator of the right hand side is divisible by 64.
The proof of the last equality follows in exactly the same way as the proof of
the first equality. More precisely, we write

P=]]pjamd@=]]a

j=1 =1

and observe that

_ Q) )y, e
H(w 1)

= - Q) 1) B85t
I (5)

_ (g) (71>(P—1)4(Q—1).

O

With the Jacobi symbol, we can now calculate Legendre symbol without having
to factorize integers (except for factoring —1 and 2).

Appendix

In this section, we will give another proof of Gauss’ Laws of Quadratic Reci-
procity. This proof is due to G. Eisenstein and can be found in J.P. Serre’s “A
course in Arithmetic”. First, we need a lemma.

LEMMA 7.8 For odd positive integer m, we have

sin max N 21y
= (2i)(m=1 in?z — sin? = ) . 7.2
- (29) H <sm @ = sin” — (7.2)

sin x
1<j<(m—-1)/2

Proof

Let U = {1,{m, ¢, -+, ¢}, where ¢, = ¢*™/™ where m is odd. This is a
cyclic group of order m generated by (,,. Note that since (2, m) = 1, the group
is also generated by (2, and we have {1,(2," - CHm= 1)} U. Next, we know
that

m—1 m—1
O 271 H 627rzg/m 2,71 H 4772]/m
Jj=1 Jj=1
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Let z = ¢2®. Then

eima (gime _ g=ima) _ giv (giz _ g=iv) nﬁl givk2mii/m (giv=2mij/m _ o —iz+2mij/my
j=1
This yields
m—1
2™ sinma = 2ie'® sing x e (MTmi/m)(m=1)m/2 H (2i) sin(x — 2mj/m).
j=1

Hence, by expressing (m+1)/2<j<m—-lasm—k,1<k<(m-—1)/2, we
find that
(m=1)/2
sinmax = (20)™ sinx H sin(z — 277 /m) sin(x — 2w (m — j)/m)
j=1
(m=1)/2
= (2)" 'sinz [ sin(e - 2mj/m) sin(z + 2 /m)
j=1
(m—1)/2
= (2i))" sinx H (sinz — sin 27y /m)(sinx + sin 275 /m)
j=1
(m—1)/2
= (2i)" tsinx H (sin? 2 — sin? 2705 /m),
j=1
where we have used the identity sin(a +b) sin(a —b) = (sina +sin b)(sin a — sin b)
in the second equality. This completes the proof of the Lemma.
O

The main part of Gauss’ quadratic reciprocity law states that for odd distinct

()

Let U ={1,2,---,(p—1)/2}. Let

(u) = 1 ifly(qu) e U
A B if £,(qu) ¢ U.

primes p, q

Note that u, = €,(eq(v)qu) € U and U = {uy|u € U}. Now, define
2ma

F([a],) = sin o

Using the above notation, we find that [qu], = [eq(u)u,], and

F(Jqu]p) = sin lqu = e4(u) sin —ﬂ-uq.
p p
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Next, note that e,(u) = —1 precisely when ¢,(qu) exceeds p/2. Therefore, by
Gauss’ Lemma,

. 2m .27
q sin ?qu sin ?qu
(p)zHeq(“):H%:H%-

uelU u€U sin —uy  weU sin —u
p p

Applying Lemma 7.8, we deduce that

(R e ),

uelU veV
where V' ={1,2,--- ,(¢ — 1)/2}. Hence

(q) = (Qi)(q—l)(p—l)/Z H H <sin2 2mu sin? 27”}) .
p uelU veV p q
Interchanging the role of p and ¢, we deduce that
<P> — @)@ TT T <Sin2 Moo 2““) ,
q veV uelU q p

Using the last two identities, we conclude that

(£)-tcvrenn(3)
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Jacobsthal sums and primes of the
form z2 + y°

Two sums involving Legendre Symbol

In Theorem 1.31, we prove that if p = 1 (mod 4) then p = 2? + y? for some
integers  and y using Wilson’s Theorem and Fermat’s method of descent. The
proof given in Chapter 1 gives only the existence of positive integers x and y sat-
isfying p = 22 +y?2. In this chapter, we will learn a second proof of Theorem 1.31
with the help of Legendre symbol. Theorem 1.31 will be proved by constructing
explicitly integers z and y such that p = z2 + y2. This section is adapted from
“Number Theory” pp. 135-138, by G.E. Andrews.
We first need two lemmas.

LEMMA 8.1 Let p be an odd prime. We have

x,G)=e

m(mod p

where Z denote the sum over any complete set of residues modulo p.
m (mod p)

We will give two proofs of the above lemma.

Proof

Note that using primitive roots modulo p, we see that if g is a primitive root
modulo p, then the even powers of g are quadratic residues and the odd powers of
g are quadratic non-residues. This follows from the fact that since g is a primitive
root,

gP V2 =_1  (mod p)

and hence, (g) = —1. Therefore, there are (p — 1)/2 quadratic residues and
p
(p — 1)/2 quadratic non-residues. Therefore in the sum

>, G)

m(mod p)
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there are (p — 1)/2 terms which take the value 1 and (p — 1)/2 terms which take

the value —1. In other words,
> (5)=0
p

m(mod p)

This completes the first proof of Lemma 8.1.
We begin the second proof by recalling that if g is a primitive root modulo p

then (Igg) = —1. Observe that

> Gz (5)-0), 2 G)

m  (mod p) m  (mod p) m  (mod p)

Since (g) = —1, we conclude that
p

>, G)=

m  (mod p)

and we complete the second proof of Lemma 8.1.

LEMMA 8.2 Let p be an odd prime. We have

(m—a)(m—->5)\ |Jp—1 ifa=b (mod p)
Z < D ){1 ifa#b (modp).

m(mod p)

Proof
If a =b (mod p), then

> )<<m_a;<m_b>): > )((m—a)(m—a)):p_l,

m(mod p m(mod p p
—a

p
Next, replace m by m + a, we find that

3 ((m—a)(m—b)>: 3 (m(m—(b—a))>

m(mod p) p m(mod p)

Z(T”(mp(ba)))

m(mod p)
m#Z0(mod p)

as there are p — 1 1’s in the sum since

)Owhenma.

since (%) = 0 when p|m. Let m~! denote the integer ¢ satisfying

ml =1 (mod p).
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Then

T (). y (o) (s

m(mod p) m(mod p)
m#0(mod p) m#Z0(mod p)

S (1—m_1(b—a)> .

m~—1(mod p)
-1

by Lemma 8.1. Note that number -1 in the second last line is added so that we
could sum over complete residues m~! (mod p). We also observe that summing
over m from 1 to p — 1 is equivalent to summing over m~" from 1 to p — 1 since
taking inverses of elements in M (p) is a bijection. O

8.2 The Jacobsthal identity and primes of the form 22 + 2

We are now ready to state and prove the following identity of Jacobsthal.

THEOREM 8.3 Let p =1 (mod 4) be a prime. If ¢ is a quadratic non-residue
modulo p, then

FECS) - (EC5) -

Proof
Let

Note that S(0) = 0 by Lemma 8.1 and S(m + Np) = S(m) for any integer N.
Let k # 0 (mod p). Then

o T (6)()

n(mod p)

> )

n(mod p
5.z (’Z‘) (5)

k
p
k
p

=(5)

n(mod p)
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Hence, we have
S%(k*m) = S*(m). (8.1)

If u is a quadratic residue modulo p, then u = k? (mod p) for some integer k
and

S%(u) = S%(k*- 1) = S*(1) (8.2)

by setting m =1 in (8.1).

20+1

If v is a non-residue, then v = g where g is a fixed primitive root modulo

p. This is because all quadratic non-residues are odd powers of primitive roots
modulo p. Then by (8.1),

S%(v) = S%(gg*) = S*(g). (8.3)

We note that we can replace g by any quadratic non-residue modulo p.
There are (p — 1)/2 quadratic residues and (p — 1)/2 quadratic non-residues
and hence by (8.2) and (8.3), we deduce that

> S(m) = 52(0)#%1 (S2(1) + S2(¢)) = p%l (S%(1) + S%(0)), (8.4)
m(mod p)
since S%(0) = 0.
Now,

D e 5T (50 ()

m(mod p) m(mod p) s(mod p p
t(mod p)

O

!
(]

By Lemma 8.2, (8.4) and (8.5), we deduce that

% (2 +820) = > <St> (p—1)+ : (j) (=1)

s,t p s

s2=t?(mod p) s2#t%(mod p)

st st st
-2 (Gezl)- 2 ()

s,t p s,t p s,t p

s2=t%(mod p) s2=t%(mod p)

st
- 2 (3)

s,t
s2=t?(mod p)



92 Jacobsthal sums and primes of the form 22 + 32

where we have used Lemma 8.1 in the last equality. Next,

> G2 G2 ()

s,t
s?=t?(mod p) s=t(mod p) s=—t(mod p)
2 —t?
= > o) ) - ) ==
t(mod p) t(mod p)

Hence we conclude that

S, (SO _
2 2 ) 7
Now, if 2|S(m) then we would have found integers x and y such that

x2—|—y2:p.

To show that 2|S(m) for all integers m, we observe that

S — (1:)—21)/2 (n(n2 _ m)) N 1721)/2 (n(n2p— m))

n=1 P n=(p+1
_ (:i” = “’;”1/2 (L= =nf=m)

(p—1)/2 2
n(n? — m)>
=92 E _ s
n=1 < p

where the last equality follows for the fact that p =1 (mod 4).

O

REMARK 8.4  Recently, H.H. Chan, L. Long and Y.F. Yang (see Amer. Math.
Monthly, vol. 118, no. 4, (2011), pp. 316-326) showed the following observation:
Let p = 1 (mod 6). Suppose a is any integer such that 2 = a (mod p) is not

solvable. Then

3p=12® +zy + 97,

() oG55

a=1

with
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Binary Quadratic forms

Fermat-Euler Theorem

A binary quadratic form is an expression of the form
f(z,y) = ax? + by + cy?

where a,b,c € Z. We will assume that ac # 0. Representation of an integer
by a binary quadratic form has attracted attention of many mathematicians in
the past. For example, Fermat (see Theorem 1.31) observed that a prime can be
represented as a sum of two squares if and only if p =1 (mod 4).
From Theorem 1.31, we find that ODD primes of the form z? + 32 can be
determined by the Legendre condition

)=

since this condition is equivalent to the condition that p =1 (mod 4).
It turns out that ODD primes of the form z? + 2y? and primes greater than 3
and primes of the form 22 +3y? are also determined completely by the conditions

() (3)

respectively. A natural question to ask is therefore, can all primes greater than
5 and of the form 22 4 ny? be determined by a single condition

(3)-+

For example, one can show that

The answer is no.
p = 2% + 5y

) m (5)

Here, we see that two conditions are needed to determine primes of the form

if and only if
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22 + 5y2. In fact if we only have one condition

)
()
p
then we are only able to conclude that
p=a’+5y°
or

p = 22?4 22y + 3y°.

The binary quadratic forms x? + 5y? and 222 + 2xy + 3y? both have discrim-
inant b> — 4ac = —20. Furthermore these binary quadratic forms are “genuinely
different”. The additional condition for the Legendre symbol allows us to con-
clude that p is indeed of the form z2? + 5y2. In the following sections, we will
explain the meaning of binary quadratic forms being “genuinely different.”

Representations of integers by binary quadratic forms

DEFINITION 9.1 Given a binary quadratic form az?+bxy-+cy? the discriminant
(denoted usually by d or A) of the quadratic form is defined to be the number
b? — 4ac.

REMARK 9.1 If we write

az® +bay + ey’ = (¢ y) (b?Q bf) (i) ’

then we observe that
a b/2\ b?
det<b/2 C>a6—4.

In other words, we may define the discriminant of a binary quadratic form as

d = —4det (b‘/l2 bf) .

THEOREM 9.2 Let d be an integer. There exists at least one binary quadratic
form with integral coefficients and discriminant d, if and only if d = 0 or 1
(mod 4).
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Proof
Let f(x,y) = ax®+bxy+cy? be a binary quadratic form of discriminant d. Since
b>=0or 1 (mod4), d=0b*>—4ac =0 or 1 (mod 4). Suppose d = 0 (mod 4).
Then the form
d
2 4 9
4y

has discriminant d. If d =1 (mod 4), then

d—1
2 N 2
x° +xy < 1 >y

T

has discriminant d. O

DEFINITION 9.2 A form f(z,y) is called indefinite if it takes on both positive
and negative values. The form is called positive semidefinite (or negative semidef-
inite) if f(x,y) > 0 (or f(z,y) < 0) for all integers x,y. A semidefinite form is
called definite if in addition the only pair of integers x,y for which f(z,y) = 0

is (z,y) = (0,0).

EXAMPLE 9.1 The form f(z,y) = 22 — 2y? is indefinite. The form f(x,y) =
(x — y)? is semidefinite and the form f(z,y) = 2 + 32 is positive definite form.

EXAMPLE 9.2 Let d be the discriminant of the form
f(z,y) = ax® + bxy + cy*.

If d < 0 and a > 0, show that f(x,y) is positive definite.

Solution

We see that

N )by24ac—b227 by '\’ d 5

This shows that f(x,y) > 0 since d < 0. If f(x,y) = 0, then we must have y = 0
and = + by/(2a) = x = 0. Therefore, f(x,y) is positive definite.

From now on, we will assume d < 0 and f(x,y) is positive definite. Since f
is positive definite and @ = f(1,0) > 0 and ¢ = f(0,1) > 0, we deduce that
f(z,y) = ax?® + bry + cy? with a > 0 and ¢ > 0.
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DEFINITION 9.3 We say that a quadratic form f(z,y) represents an integer n
if there exists integers k, £ such that

f(k,€) =n.

We say that the representation is proper if (k, £) = 1; otherwise, it is improper.

REMARK 9.3 If p is an odd prime and p = 1 (mod 4), then p is a sum of two
squares and the representation is proper.

THEOREM 9.4 Let n > 0 and d # 0 be integers. There exists a binary quadratic
form of discriminant d that represents n properly if and only if the congruence

> =d (mod 4n)

has a solution.

Proof
Suppose b is a solution of

2> =d (mod 4n).
Then b? = d + 4nc, for some integer c. The form
fla,y) = na® + bey + cy®

has discriminant d and properly represents n since f(1,0) = n.
Next, suppose f(k,¢) = nand (k,¢) = 1. We claim that we can find a quadratic
form g(x,y) that takes the form

naz? + Bxy + Cy?.

Since (k,¢) = 1, there exist integers u,v such that ku — v = 1. Let g(z,y) =
f(kx + vy, fx + uy). In terms of matrices, we find that

o=t 0 () 7)) G)

det(lC €) =ku—Vtv=1,
v

u

Since

we deduce that the discriminant of g(z,y), which is given by

() (5 ) D) (g, )



9.2 Representations of integers by binary quadratic forms 97

which is the discriminant of f(z,y). Now,
g(x,y) = f(kx + vy, bz + uy) = a(kz + vy)? + b(kx + vy)(lx + uy) + c(lx + uy)?

= (ak® 4 bkl + cf*)2* + Bay + Cy?

= nz? 4+ Bxy + Cy>.
The discriminant of g(x,y) is

B? —4nC = d.
This immediately implies that
2> =d (mod 4n)

has a solution. O

COROLLARY 9.5 Suppose d =0 or 1 (mod 4). If p is an odd prime, then there
is a binary quadratic form of discriminant d that represents p if and only if

(d) 1
b
Proof

By Theorem 9.4, we conclude that
> =d (mod 4p)

is solvable if p can be represented by a binary quadratic form of discriminant d.
This implies that

is solvable, or

()

d
Conversely, if () = 1 then there exists u such that
p

u?=d (mod p)

is solvable. Note that d =0 or 1 (mod 4), observe that there exists v such that
v”’=d=0 or 1 (mod 4).

By Chinese Remainder Theorem, we conclude that there exists w (mod 4p)
with w = u (mod p) and w = v (mod 4). This integer w satisfies

r*=d (mod 4p).

By Theorem 9.4, p is represented by a binary quadratic form of discriminant
d. O
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Equivalence of binary quadratic forms

We have seen in the proof of Theorem 9.4 that 2 x 2 matrices with entries in Z
and determinant 1 play a role in the study of quadratic forms.

DEFINITION 9.4 Define

SLy(Z) := {(: 5) |, 8,7,6 € Z,06 — By = 1}.

DEFINITION 9.5 Denote F; be the set of positive definite binary quadratic
forms of discriminant d < 0.

DEFINITION 9.6 We say that two quadratic forms f(z,y) = ax? + bry + cy?
and g(z,y) = Ax® + Bay + Cy? are related and write f ~ g if there are integers
a, B,7,0 € Z with ad — By = 1, such that

9(z,y) = flax + vy, Bx + dy).

REMARK 9.6 We may state the relation in terms of matrix in SLy(Z). We say
that f ~ g if and only if there exists a matrix M € SLy(Z) such that

e )= (o )

if f(z,y) = az? + bry + cy? and g(z,y) = Az® + By + Cy?.

THEOREM 9.7 The relation ~ is an equivalence relation on Fy.

Proof
Since f(x,y) = f(z,y), [ ~ f.

Suppose f ~ g, then we can write

oo =te (i ) ()
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for some matrix M € SLy(Z). This implies that

floy)=(z y) M (Bf}z Bc/*Q) S @

and therefore, g ~ f.
Lastly, to check transitivity, we suppose that

h(z,y) = A'z® + B'zy + C'y>.

Suppose f ~ g and g ~ h. Then

9(@,y) = (= ) (BJL}Q BéQ) (j)
=(x y)M <672 bf) M <§)

wen-tc (i, “EJorr ()

—(z yyM'M (b% bf) (M'M)T <;’)

and

Therefore, f ~ h.

99

O

We have seen that ~ is an equivalence relation on F; and so, we can express
Fa as a disjoint union of equivalence classes [r] := {f € Fy4|f ~ r}. Let C(d)
be the set of equivalence classes. Is C(d) finite? We will give an answer to this

question in the next section.

Reduced forms

Let

M= <3 ?) € SLy(2)
and write

f(z,y) = ax® + bry + cy?
as

[a, b, c].
We define
M(f(z,y)) = M([a,b,d]) = f(ax + vy, B + by).

When
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S([a,b,c]) = [¢,—b,a].

1 0
Tm_(m 1)’

Ty ([a, b, ]) = [a, b+ 2am, am? + bm + ¢| = [a, b+ 2am, C).

When

We usually do not need the explicit form of C under T, as it can be derived
from d = (b + 2am)? — 4aC.

DEFINITION 9.7 Let f(z,y) = ax® + bry + cy?> € F4. We say that f(z,y) is
reduced if

—a<b<a<ec
or if

0<b<a=c

We will first show the following:

THEOREM 9.8 Each equivalence class of F; under ~ contains at least one
reduced form.

Proof
Suppose

f=1la,b,c.
Let
F:={Ae€Z"|[A B,C]~ a,b,]}.
Note that F is non-empty and because f ~ f and a > 0 as f is positive definite.
By the least integer axiom, there exists a smallest positive integer u in the set

F.
Let

9= [u,v,w]
such that [u,v,w] ~ [a,b, c]. Note that u < w. This is because if w < u, then
S([u, v, w]) = [w, —v,u]

will imply that w € F and is smaller than u, which contradicts the minimality of
u. This step implies that if [u, v, w] ~ [a, b, ¢] then we can always conclude that
u < w.
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Next, by the Division Algorithm, we have
v=2mu+r—u<r<u.
Note that
T ([u,v,w]) = [u,v — 2mu, W] = [u,r, W].

We have already seen from the previous paragraph that « < W. If u < W, then
[u,7, W] is reduced. If u = W and r > 0, then [u,r, W] is reduced. We are left
with v = W and r < 0. In this case,

S([Uﬂr’ U]) - [ua -, ’U,],

and [u, —r,u] is reduced. This completes the proof of the theorem. O

EXAMPLE 9.3 Find a reduced form g such that g ~ [3, 2, 2].

Solution
We have 5([3,2,2]) = [2,-2,3] and T1([2,—2,3]) = [2,—-2+4,3] = [2,2,3]. So
we may take g = [2,2,3].

Our next step is to show that if f € Fy, then f can be equivalent to exactly
ONE reduced form. We will need a lemma before proving the above claim.

LEMMA 9.9 Let f(x,y) = ax?® + bry + cy? be a reduced positive definite form.
If for some pair of integers o and 8 we have (o, 8) = 1 and f(«,8) < ¢, then
f(a,B) = a or ¢ and the point («, 8) is one of the six points

+(1,0),£(0,1),£(1,—-1).

Moreover, the number of proper representations of a by f is

2 ifa<e,
4 if0<b<a=c, and
6 ifa=b=c.

Proof
Suppose that || > 2. Then

daf(a,B) = (a0 + bB)* — dB* > —dp?
> —4d = 16ac — 4b> > 8ac — 4b°
> 4a? — 4b% + 4ac > 4ac.

Thus, f(a,B) > cif |5] > 2. This implies that if f(a, 8) < ¢ then |8] < 1.
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Now, suppose that |3] = 1 and |a| > 2. Then
[2ac + bB| > |2aa] — |bB| > 4a — |b] > 3a.
Therefore,

daf(a, B) = (2aa + bB)* — dB? > 9a* — d3?
=9a% — d = 9a® + dac — b*> > a® — b* + 4ac > 4ac.

Thus, f(a,£1) > c.

Next, if 8 = 0 then since («, ) = 1, we conclude that o = +1.

Collecting what we obtain so far, we conclude that if f(«, 8) < ¢, then |f] <1
and |a| < 1. There are altogether eight points (0, 0) is excluded since the greatest
common divisor of 0 and 0 is not 1) (o, 8) satisfying the above inequalities. These
are

+(1,0) £ (0,1),%(1,—1) and =+ (1,1).

Next, since b > —a, we find that
f(£1,£1)=a+b+c>c.

Hence, (1,1) and (—1,—1) are excluded as well.
We have thus arrived at the six possible solutions. The last assertion follows
on observing that

f(£1,0) =a, f(0,£1) =c and f(£l,Fl)=a—-b+c

We observe that from the above computations, a and c are the smallest positive
integer and second smallest positive integer represented by f respectively. O

THEOREM 9.10 Let f(z,y) = ax? + bxy + cy? and g(x,y) = Az? + Bay + Cy?
be reduced positive definite quadratic forms. If f ~ g then f = g.

Proof

The integer a is properly represented by f = [a,b,¢]. Since f ~ g, a is repre-
sented by [A, B, C]. Since g is reduced, A is the smallest positive integer properly
represented by g and this implies that A < a. By interchanging the roles of f, a
and g, A respectively, we deduce that a < A and thus, A = a.

Suppose that there are more than 2 representations of a by f. Then by Lemma
9.9, we know that ¢ = a. Since f ~ g, there are also more than 2 representations of
a = A by g. This implies that C = A. We now have f = [a, b, a] and g = [a, B, a].
But b? — 4ac = B? — 4ac implies that b> = B?, or b = +B. Since f and g are
both reduced and a = ¢, we conclude that both b, B are non-negative and b = B.
Therefore, f = g.

Suppose that there are exactly two representations of a by f. Then ¢ > a.
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Similarly, C' > a. Now, ¢ is represented by f and therefore it is represented
by g. But C is the second smallest positive integer properly represented by g,
and ¢ > a, this implies that C' < ¢ since c¢ is the second smallest positive integer
properly represented by f. Once again, by interchanging the roles of f,c and g, C
respectively, we conclude that ¢ < C and thus ¢ = C. We now have f = [a, b, ¢|
and g = [a, B, c|.

Now, since ¢ > a there are only two representation of a in terms of g(z,y),
namely (+1,0). Since g(x,y) = f(az+~yy, Bx+dy) this implies that f(+a, £6) =
a. But the solutions of f(z,y) = a are (+£1,0) and so « = £1. Similarly the
solutions to g(x,y) = c are (0,£1) and this translates that f(+vy,+0) = c.
Since the only solutions of f(z,y) = ¢ are (0,41), we deduce that v = 0 and
0 = £1. Now ad — By = 1 implies that o and ¢ have the same sign. Therefore
g(z,y) = f(xx,ty) = f(z,y) and this completes the proof.

O

THEOREM 9.11 Let f be a reduced positive definite binary quadratic form
whose discriminant d is not a perfect square. Then 0 < a < /—d/3. The number
of reduced forms of a given nonsquare discriminant d is finite.

Proof
We see that

—d = 4ac — bv* > 4a® — a®> = 3d°.
Hence,
a <+/—d/3.

Now for each a < y/—d/3, we determined b and ¢ for which [a, b, ] is reduced
by using the inequality —a < b < a and the equation

b2 —dac =d.
This implies that there are finitely many reduced forms. O
EXAMPLE 9.4 Ifd = —4, then a = 1. From b? —4ac = —4, we conclude that b is

even and hence b = 0. This implies that the only reduced form with discriminant
—4is 22 +y?. In Theorem 9.4, we find that if (%) = 1, then p is represented by
a binary quadratic form with discriminant —4. Since there is only one reduced
form with discriminant —4 and all binary quadratic forms must be equivalent to
2% + 92, we conclude that p must a sum of two squares. This gives another proof
of the classification of primes which are sum of two squares.
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EXAMPLE 9.5 Consider d = —20. Then a < 2. From b — dac = —20, we
conclude that b has to be even. If a = 1, then b = 0 and the only reduced form
with a = 1 is 22 +5y?. When a = 2, b = 0 or 2. There is no reduced corresponding
to b = 0 since there are no integer ¢ satisfying —8c = —20. Therefore b = 2 and
we conclude that ¢ = 3. The reduced form with a = 2 is 222 + 22y + 3y2.

REMARK 9.12  There is a formula to compute the number of reduced binary
quadratic form of discriminant d < 0. For example if d = 1 (mod 4) and |d| > 3,

then the number is
-1 n
a2 )

n,d)=1
1<n<|d|

For example, if |d| = 11, we have

1
U4+ 9454+3-2-6-7-8-10} =1.
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Form Class groups

The set C(d)

Let d < 0,d = 0,1 (mod 4) and Fy be the set of binary quadratic forms with
discriminant d. We have seen in the last Chapter that F; is a disjoint unions of
equivalence classes obtained from the equivalence relation ~. We have show that
the set of equivalence classes C'(d) = {[f]} is finite and each equivalence class
represented by a reduced form. In this chapter, following the work of Gauss and
Dirichlet, we construct a binary operation e on C(d) and show that (C(d),e) is
a finite abelian group.

In this chapter, we will assume that d < 0,d = 1 (mod 4) (respectively 0
(mod 4)) and |d| (respectively |d|/4) is square-free (i.e. it is not divisible by any
integer k2, k > 1). This additional assumption is to guarantee that the positive
definite binary quadratic form

f(z,y) = az® + bry + cy’

with discriminant d has the additional property that the ged (a,b,c) = 1. A
quadratic form with such a property is called a primitive form.

Let C(d) be the set of equivalence classes of positive definite binary quadratic
forms. We have seen that each class contains a unique reduced form and hence,
|C(d)] is finite. We wish to obtain a binary operation e on C(d) and obtain a
group structure on C(d). Let C1,Cy € C(d).

DEFINITION 10.1 Two binary quadratic forms [a, b, ] and [a’, V', ¢/] of discrim-
inant d are concordant if the following three conditions are met:

(a) ad’ #£0,
(b) b=V,

(¢) alc’ and d|c.

REMARK 10.1 Note that if [a,b, ] and [a/,V’, /] are concordant, then

b2 — dac = b? — 4d'd = b* — 4d/c.
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This gives 4ac = 4a’c’. Now a|c¢’ implies that ¢/ = aC. This gives ¢ = o/C.
Therefore, we conclude that [a, b, c] = [a,b,a’C] and [a',V, '] = [a’, b, aC].

We will show later that given C; and Csy, there are representatives of C; and

Cs of the form [a, B,Cd’] and [d¢/, B, Ca] respectively. Note that [a, B, Ca’] and
[@’, B, Ca] are concordant. We then define

[a,B,Cd’ o [d, B,Ca] := [ad, B, C]
and that !
C1 0Cy = [[ad’, B,C]].
Our operation o is motivated by the following identity of Gauss 2:
(@122 + br1yy + ascy?)(asxs + baoys + arcys) = ajasx® + bry + cy?
where
T =I1T2 — CY1Y2, Y = a121Y2 + a2%2y1 + by1ye.

This identity of Gauss-Dirichlet can be proved by observing that
1

f(z,y) = ax® + bxy + cy® = 4—]\7 (2ax + by + \/31/)
a

with d = b%> — 4ac and N (u + vV/d) = u?® — dv?.

The main difficulty in showing that (C(d),e) is a group is to show that e is
well-defined. But first, we will show that given C; and Cy, we can always find
pairs of forms in C; and Cs of the form [a, B, Ca'] and [a/, B, Ca] for some integers
B and C'. To do this, we need the following theorem:

THEOREM 10.2 Suppose f is a primitive positive definite binary quadratic form
and k is a nonzero integer, then there exists an integer n properly represented
by f with the property that (n,k) = 1.

Proof
Let k = H;n:l p?j. Note that for each prime p;|k, one of the numbers f(1,0), f(1,1)
and f(0, 1) is relatively prime to p;. For if this were not the case, then there will
be a number ¢ that divides f(1,0) = a, f(1,1) =a+ b+ c and f(0,1) = ¢. This
number ¢ would divide b as well, which implies that f is not primitive.

Let (zj,y;) € {(1,0),(0,1),(1,1)} be such that f(z;,y;) is relative prime to
p;j for 1 <7 < m. Now, by Chinese Remainder Theorem, there are integers u,v
satisfying the congruences

T = (modp?j) and y=y; (mod p‘;j),l <j<m.
1 The choice of representatives [a, B, Ca’] and [a’, B, Ca] is so that C can be computed as

C = (B? — d)/(4ad’).
2 This approach is due to Dirichlet.
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Note that N = f(u,v) is the number relatively prime to k. There is no guarantee
that the integer N we found is properly represented by f. If N is properly
represented by f, then we choose n = N. Suppose N is not properly represented
by f. Let (u,v) =d > 1. Then v = ds and v = dt implies that

d*(as® + bst + ct?) = N,
or
N/d* = as® + bst + ct?.

Since (s,t) = (u/d,v/d) = 1, we see that n = N/d? is properly represented by f
and (n,k) =1 since (N, k) = 1. O

EXAMPLE 10.1 Let f(x,y) = 222 + 3y? and k = 12. Now, f(0,1) = 3 and is
relatively prime to 4 and f(1,0) = 2 and is relatively prime to 3. We find that
u = 4 satisfies w =0 (mod 4) and u =1 (mod 3), v = 9 satisfies v =1 (mod 4)
and v =0 (mod 3). Note that f(4,9) = 275 is relatively prime to 12.

Let C; = [f] and C3 = [g]. Suppose f = [a, b, c|. By Theorem 10.2, there exists
a’ represented by ¢ such that (2a,a’) = 1. We replace g by [d/,,]. Using
Chinese Remainder Theorem, there exists a unique B modulo 2aa’ such that

B=b (mod2a) and B=0V (modad).
Let
B=0b+2aK and B=0b +dM. (10.1)

Then B2 — d = 4ac + 4a®K? + 4baK = 4a’c’ + (a’')?M? + 2b'a’ M. This implies
that (a’)?M? + 20'a’M = 0 (mod 4). Since a’ is odd, we conclude that M is
even. Let M = 2L. Note that

[a,b,c] ~ [a,b+ 2aK,C"]

and
[@ 0, ]~ [a',b +2Ld, CT].

Now,

B? —4aC* = B> — 4d/Ct
implies that

aC* =d/C".
Since (a,a’) = 1, we conclude that
C*=0Cd

for some integer C' and this yields

Ct = Ca.
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In other words,
[a,b,c] ~ [a,B,Cd’] and [d',V,c] ~[d,B,Cal.

We have thus shown that C; and Co contains forms of the form [a, B, Ca] and
[@', B,Ca] (which are concordant) respectively and e is defined as

C1 0Cy = [[ad, B, ().

The above observation that b and b’ having the same parity allows us to replace
(10.1) by
B=b+2aK and B=V +2dL (10.2)

whenever a’ is odd.

C(d) is a finite abelian group

We will show later that e is well defined. But first, assuming that e is well defined,
we want to show that (C(d),e) is a finite abelian group.

To simplify our treatment, we assume d = 0 (mod 4). The case for d = 1
(mod 4) is similar. Let Cy = [[1,0, —d/4]]. We will show that Cy is an identity for
(C(d),s). Take C; = [[a, b, c]]. Now,

(1,0, —d/4] ~ [1,b,(]
since b is even. Therefore,
CoeCy =1[[1,0,—d/4]] e [[a,b,c]] = [[1,b,ac] o [a,b,c]] = [[a,b,c]] = C;.

Hence, Cy is the identity.
Next, let C; = [[a, b, ¢]]. We claim that Cy = [[a, —b, ¢]] is the inverse of C;.

[a, =b,c] ~ [, b, a].

Now both [a, b, ¢] and [c, b, a] are of the forms [u, v, wu'] and [u, v, wu] with w = 1
and hence the composition of the quadratic forms exists and is given by

[a,b,c]oe,b,a] = [ac, b, 1].
Now,
[ac,b,1] ~ [1, =b,ac] ~ [1,0,—d/4].
Hence,
Ci1 0Cy =Cp.

To show associativity, we let C1,Ca,Cs be three elements in C'(d). Using Theo-
rem 10.2, we can find a,a’,a” such that a,a’,a”,2 are pairwise relatively prime.
We construct B such that

B=b (mod2a),B=V (moda) and B=0b" (modada").
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Note that
[[a, B, c1]] o [[d’, B, c2]] = [[aa’, B, ]
and
([aa’, B,C]] o [[a”, B, c3]] = [[ad’a”, B, C1]].
Similarly,

Cl L] (CQ L] Cg) = [[aa/a", B, CQH

Note that C; = C3 and we are done.
EXAMPLE 10.2 Show that (C(—56), ) is a cyclic group of order 4.

Solution
The elements in C'(—56) are
[[1,0,14]], [[2,0, 7]}, [[3,2,5]], [[3, =2, 5]].
Since
[[Sv 2, 5]}_1 = [[3 -2, 5” # [[35 2, 5]]7

we conclude that the group is cyclic of order 4. For, if G is a Klein 4-group, the

inverse of z € GG must satisfy 27! = z.

Alternatively, we may compute [[3, 2, 5]]e[[3, 2, 5]]. Note that [3,2, 5] ~ [5, -2, 3]
and we determine a B such that B = 2 (mod 6) and B = —2 (mod 5). This
choose B = 8. This yields [3,2,5] ~ [3,8,C] and [5, -2, 3] ~ [5,8,C"] and

[[37 2, 5]] ® [[3 2, 5]] - [[157 8, 2]] - [[27 -8, 15” - [[25 0, 7“

and so C'(—56) is cyclic of order 4 since every element in a Klein 4 group has
order 2.

The operation e is well defined

The most difficult part in showing (C(d), e) is a group is to show that e is well
defined. In other words, if we have
[u, V, W] ~ [a, B,Cd’]
and
[, V,Wu] ~ [d', B,Cal,
we want to show that

[uv', V,W] ~ [ad, B, C].
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We will complete this task in a few steps. Let
fi=la,B,Cd], fo = [u, V, W]
and
g1 =1[d,B,Cal,gs = [u',V,Wu]
be such that
fi~fo and g1 ~ go.
Step 1

Suppose f; = fo and (a,u’) = 1. Since f; = fo, we have a = u and B =

Our aim is to show that if
g1~ 92,
then
Jiog1 ~ f10g2.
This is equivalent to showing that
[ad’, B,C] ~ [au’, B, W].
Now, since g1 ~ g2, there is a matrix
(;“ ?) € SLy(Z)
such that (note that we have u = a and so Wu = Wa)

@D @) =(on W) (5 )

From the (1, 2)-entry of the matrices on both sides of (10.3), we find that

aB/2 + Caf = —u'y + aB/2.
This shows that
BCa = —u'y.

By assumption, (a,u’) = 1 and hence,

V.

(10.3)

v/a € Z.
Next, from the (1,1)-entry, (2,1)-entry and (2,2)-entry of both sides of (10.3),
we find that
1 BB _ s _ BB
aa’ + 5 = ou 5
0B 6B
va' + — = — — fWa

2 2
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and
B B
il +6Ca = —% + Waa.

This implies that
a Pa\ (ad B/2\ [av B/2 5  —v/a
G $) G €)= W) (G )

[aa’, B,C] ~ [au’, B,W].

Hence,

Step 2

Suppose (a,u’) = 1 and B = V. We have seen from Step 1 that f; o g1 ~
f1092. Applying Step 1 again with (f1, g2) replaced by (g2, f1), and noting that
(u',a) = 1, we deduce that gs o fo ~ go o f1. Hence,

fiogi~fioga=g20f1 ~gao fo= frogo.
Step 3

Assume that (aa’,uu’) = 1. Note that in this step, we are dropping the as-
sumption that B = V. Without loss of generality, assume that uu’ is odd. By
Chinese Remainder Theorem, there is a solution to

r=B (mod2ad’) and z=V (mod uu).
Let this solution be B* and we observe that
B* =B +2ad'n; =V +uwu'm.

By (10.2), we conclude that m is even and write m = 2ns. In other words, we
have

B* = B+ 2aad'n; =V + 2uu'ns.

Let
A=t 9 (aBca) =B
1= a/n1 1 s Dy - ) s V1
and
=1 O B ca) = Bl
1 any 1 y Dy ) y 1]
Note that
fi~F and g1 ~ Gy
and

fiog1 = [aa/,B,C}
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and

Fy oGy = [ad, B¥,CY].

<n11 ?) (flogl):<nll ?) ([ad’, B, C])
= [ad’, B*,C}]

Now,

implies that
Jiogr ~ Fi1oGh.
Using similar argument with fi, g1,n1 replaced by fa, g2, no, we deduce that
faoga = FroGs
where

Py = <u22 ?) ([u, V,Wu']) = [u, B*, Cs)]

and

_ 1 0 ’ P v
Gy = (ung 1) ([, V,Wu]) = [u', B*, C5].

Since the coefficient of the xy-term in Fy, F», Gy, G2 is B* and (a,u’) =1, by
Step 2, we deduce that

F10G1NF20G2.

But

Jiog1i~FioGy
and

Jaoga ~ FyoGha.
Combining the three relations, we conclude that

fiogi ~ faoga.

Step 4

We now drop the condition (aa’, uu’) = 1. Recall again that fi = [a, B, Cd'], fo =
[u, V,Wu'] and g1 = [@/, B, Cal, g2 = [u, V, Wu]. Choose s such that (s, aa’uvu’) =
1 where s is an integer which can be represented by f;. Moreover, we can find a
form f such that f ~ f; and f ~ fy with the property that

f=I[s,B,C".

Choose s" such that (s',2aa’uu’s) = 1 where s’ is an integer which can be
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represented by g;. The insertion of 2 in the ged condition is to guarantee that s’
is odd. Note that there is a form g such that g ~ ¢g; and g ~ g with

g — [S/,B”,C//].

We remark here that the conditions on the ged’s are to guarantee that (s, s’) =1,
(ss',aa’) = (ss’',uu’) = 1. Since (s,s’) = 1, we can find F,G with F ~ f and
G ~ g and

F=1[s,B*,C;{] and G =[s,B*C;],
with
B*=DB'" (mod2s) and B*=B" (modys’).
Since (ss’,aa’) = 1, by Step 3, we conclude that
FoG~ fiog;.
Similarly, since (ss’,uu’) = 1, by Step 3, we find that
FoG~ fyogs.
Hence, we conclude that
fiogr ~FoG ~ fyogs.

This shows that e is a well defined operation and this completes the proof that
(C(d), e) is a finite abelian group.
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11.2

Continued fractions and Pell’s
equations

Pell’s equations

DEFINITION 11.1 Let d be a positive integer which is not a perfect square. A
diophantine equation z? — dy? = 1 is known as Pell’s equation.

In this Chapter, we will show that for non-square positive integer d, Pell’s equa-
tion is always solvable. The norm of a + bv/d is defined by N(a + bvd) = 1. Tt
satisfies N(a3) = N(a)N(B) if @« = a + bv/d and § = o’ + b'+/d. It turns out
that if N(a +bv/d) =1 then N((a +bvd)") = (N(a + bV/d))" = 1. Therefore, if
(a + bVd)™ = u, + v,Vd, then u2 — dv? = 1. So if 2% — dy? = 1 has a solution,
it has infinitely many solutions.

Continued fractions

Given a rational fraction ug/uq such that (ug,u1) =1 and u; > 0, we may write
using the Euclidean algorithm,

ug = urag + uz, 0 < us < uq,

up = ugaq + usz, 0 < ug < uo,

Uj—1 = Ujaj—1 + Uj+1,0 < Ujt1 < Uy,

Uj = Uj41A5.

Let

Uq

Uit1
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By using the above equations, we find that

1 n 1
— = ... =q,
&1 0 1
a) +
Ly
1

aj—1+ —
a;

§o=ap+

This is a continued fraction expansion of & or ug/u;. We use the notation
< ap,ai, - ,a; >

to represent the above continued fraction. Note that

1
< Ty, T >

1
=(20, 1, ", Tj—2,Tj—1+ — ).
Ly

<I’0,ZL'1,"',JCJ'>:£ZZ0+

11.3 Infinite continued fraction

Let ag,a1,as,--- be an infinite sequence of integers, all positive except perhaps
ag. We define two sequences of integers {h,} and {k,} inductively as follows :

h_o=0h_1=1,h;=a;h;_1+h;_o fori>0
k,Q = 1,]{771 = 0, ki = aikifl + k‘i,Q for ¢ > 0.

THEOREM 11.1 Let x be a positive real number. For positive integer n > 1,
xhn—l + hn—2

<ap,ai, - ,0p—1, >= —F——————.
l‘knfl +kn72

Proof
When n = 1, we find that

apxr + 1 . zho + h_1
X _Ik0+k_1.

1
<ag,r >=ag+ — =
X

We now prove the theorem by induction. The induction step follows from the
following computations:
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1
< ap,Q1," " ,Qp, T > = <a0,a1,~-- ,an_l,an—i—;

ay, + 1/1‘)hn,1 + hy—o
Ay + 1/I’)kn_1 + kn_g

_ z(anhn—l + hn—Z) + hn—1
 2(ankn_1 +kn_o) + k1
- a:hn + hn,1

- l‘kn + kn—l '

N
(

O

If we let = a,, in Theorem 11.1, then we immediately obtain the following:

THEOREM 11.2 Let n > 1 be an integer. If r,, =< ag,a1,- - ,a, >, then
hn
Fp = =—
n kn

DEFINITION 11.2 The expression

h
Ty =< Q0,01 ,0; >= T
is called the i-th convergent of the continued fraction < ag,aq,:-- ,a, > .
THEOREM 11.3 For ¢ > 2,
hiki—l — hi—lki = (—1)i_1 (11.1)
(1)
i — Tl = 11.2
T Rk (11:2)
hiki_Q — hi_Qki = (71)1-(11' (113)
and
(=1)'a;
i~ Ti—2 = o 11.4
T ki (14)
Proof
Note that h_1k_o—h_sk_1 = 1. Continuing the proof by induction, we suppose
that

hi—1ki—o — hi_oki—q = (—1)" 2.
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Then
hiki—1 — hi—1ki = (aihi—1 + hi—o)ki—1 — hi—1(aiki—1 + ki_2)
= —(hi—1ki—g — hi_oki—1) = (1)1,

and this completes the proof of (11.1).
Identity (11.2) follows by dividing (11.1) by k;k;—1.
Identity (11.3) can be derived directly as follow:

hiki—o — hi—ok; = (aihi—1 + hi—2)ki—o — hi—o(aki—1 + ki—2)
= ai(hi—1ki—s — hi—oki—1) = (—1)"a;.
Dividing the above identity by k;k;—o we obtain (11.4). O
From (11.4), we find that
T2j—1 > T2j+1
and
T2j4+2 > T'25.
From (11.2), we find that for a fixed positive j, the following inequalities hold:
To <1y < v <oy < Tojo1 < T3 < - < T3

This shows that the sequence {r;}52, is bounded above by r3 and the se-
quence {ry;_1}32; is bounded below by r3. These facts led us to the following
theorem:

THEOREM 11.4 The sequence {ry;} is monotonic increasing, bounded above
by 71, and the sequence {ry;_1} is monotonic decreasing and bounded below by
ro. The limit lim;_, ., r; exists.

The existence of the limits of {ry;} and {rg;_1} follows from the Monotone
sequence theorem. From (11.2), we find that

(=1’

lim (r9; — 7r9;_1) = lim = 0.
]—)OO( J J ) j—ro0 k]k']_l
DEFINITION 11.3 An infinite sequence ag,aq,--- of integers, all positive
except perhaps for agp, determines an infinite simple continued fraction <
ag, a1, az, -+ >. The value of < ag, a1, as, - > is defined to be
lim < ag,a1,a2, - ,ay > .

n—oo
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Note that this limit is the same as lim;_, 7;.

A simple Lemma and primes of the form 22 + 2

We now establish a simple inequality and apply it to the study of primes of the
form 22 + 2.

LEMMA 11.5 Let
£:< g, A1, ,0n, " >
Then

|£_7'n| < ‘Tn _Tn-&-l‘-

Proof
If n = 25, then by (11.2),

T2j4+1 — T25 > 0.
Now {rg;}52, is increasing, and {r2;+1}72, is decreasing, we conclude that
0 <&—roj <rojy1 —7Toj
and
f-?"zj >0> T2; — T2j+41-
Hence,
€ = roj| <lraj —rojual.

The argument is similar for odd integer 2k 4+ 1. This completes the proof of the
Lemma. O

Now, let p =1 (mod 4) be an odd prime. Then there exists a positive u such
that

u?*=—1 (mod p).
Let

u
5:<a'07a'17"' Qe > .

Let j be such that
ki </ <kjt1. (11.5)
By Lemma 11.5, we conclude that

1

1
<|rjgr —rj] < —— < ——,
! i kikjv1  kj/p

u
— =T
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where the second last inequality follows from (11.2). This implies that
|ukj — hjp| < \/]3 (11.6)
Now, let x = k; and y = uk; — h;p. By (11.5) and (11.6), we find that

0 < z® +y? < |k;|* + |uk; — hyp|> < 2p.

Furthermore,
2 +y’ =k} +v’k} =0 (mod p)
since
u?*=—1 (mod p).
Hence,

p=a’+y

This gives another proof of the fact that if p =1 (mod 4) is an odd prime, it is
a sum of two squares. This proof is due to C. Hermite.

11.5 Solutions to Pell’s equations

Let £ be an irrational number and let < ag,ay, -+ > be the continued fraction
representation of £. We have

THEOREM 11.6 Let a/b be a rational number with positive denominator.
(I) It
66— a| < |§kn — hn|
for some n > 0, then b > ky 1.

1) If

-3l <|e- g

for some n > 1, then b > k,,.

Note that (II) says that the convergent of the continued fraction expansion of
& give the best rational approximations a/b to £ if we want the denominator b
to be small.

Proof
We will first show that (I) implies (II). Assume that

-5l <le- 3
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but b < k,,. Using the fact that b/k,, < 1, we conclude that
b
|€b —al < k*|fkn — hn| < |Ekn — Dyl

and b < k,, < k,41. This is a contradiction to (I) which has the conclusion that
b>kpyq.
To prove (I), suppose

80 — a| < [Ekn — hn
for some n > 0 and b < k;,, 1. Consider the equations in = and y:
zhy + yhpe1 = a, zky, + yknpye1 = 0.
By (11.1), we observe that

hn hn+l

det ko K

==£1.

Hence, we conclude that z,y must be integers.
Note that if z = 0, then

- >0,
Y= %

n+1

or y > 1. This implies that b > k,, 11, a contradiction.
If y =0, then a = zh,, and b = zk,,. Hence,

€6 — a| = |Exk, — xhn| = |$H§kn — hn| > [kn& — hal

since |x| > 1. This is a contradiction.
Next, we claim that zy < 0. If y < 0 then

Tk = b — ykni1
shows that = > 0. If y > 0, then b < k,, 41 implies that
b < ykny1.

So zk, = b — yk,4+1 < 0 and therefore, x < 0.
Since the even convergents increase to £ and the odd convergents decrease to
&, we conclude that

§kn —hyn  and  Ekni1 — hnia

have opposite signs. In other words, ({k, — hy,) and y(§kn4+1 — hnt1) have the
same sign and this implies that

|2 (&kn — hn) + Y(Eknt1 — hng1)| = |[2(Ekn — hn)| + [y(Eknt1 — huy1)]-

Finally, from the equations defining x and y, we deduce that

60— a| = |x(Ekn — hn) + Y(Ekns1 — hng)| = [2(Ekn — ha)| + |y(Eknt1 — hngr)]
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which is a contradiction to our initial assumption.

EXAMPLE 11.1 It is well known that 7 is approximated by 22/7 and 355/113
(a number that is easy to remember by writing 113355 and splitting it as 113
and 355, with 355 as the numerator and 113 as the denominator). These num-
bers are the convergents for the continued fraction expansion of 7, namely,
<3,7,15,1,292,--- > .

THEOREM 11.7 Let £ denote any irrational number. If there is a rational num-
ber a/b with b > 1 and (a,b) = 1 such that

a 1
-3l < 7

then a/b equals to one of the convergents of the simple continued fraction of &.

Proof
Suppose a/b is not a convergent. Let n be such that

K <b < kit (11.7)
For this choice of n, we find by Theorem 11.6 (I), that
6k — ol < [€b—a] <
n T el = SR TALS gy

This implies that

hy, 1
‘5 — E . (11.8)
and
a 1
‘5— B‘ - (11.9)
Since
a , hy,
E 7& Ha

the expression bh,, — ak, is a non-zero integer and we deduce, using (11.8) and
(11.9), that

1

1 bhy, — akn| 1
o 22"

— <
bk, — bk,

h, a

kn b

hn
S‘f—k

+‘£ 9‘ <L+
b 2bky,

This implies that b < k,,, which contradicts (11.7). O
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Suppose d is not a square and d > 0. We will show in this section that if
2 —dy? =1

is solvable, then the solutions can be obtained from the continued fraction ex-
pansion of Vd. !
Suppose

p?—dg® =1.
Then
p? =14d¢* > dg>.

Hence, p > q. Next, since Vid>1 and p > q, p—l—\/gq >q+q=2q.
Now,

Therefore, we find that

By Theorem 11.7, we conclude that p/q must be a convergent of the continued
fraction of v/d.

REMARK 11.8 By studying periodic continued fraction, one can show that
there exists non-zero positive integers x and y such that 2 — dy? = 1. Moreover,
if 1 and y; are the smallest non-zero positive integers satisfying

22 —dy? =1,
then all solutions with x,y positive are of the form

(z1 + Vdy))",n € Z7.

11.6 The solvability of the Pell equation 2% — dy? = 1 with 2y # 0

In the last section, we see that all solutions to the Pell equation
w2 —dy?* =1

can be obtained from the continued fraction expansion of v/d if the equation is
solvable with xy # 0. In this section, we will prove that the equation is indeed
solvable.

1 It can be shown that the Pell equations can be solved if d is positive and squarefree.
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DEFINITION 11.4 A continued fraction < ag, a1, as, - - - >, where a; are positive
integers, is purely periodic if there exists a positive integer m such that

Am+k = Ak,

for all integers k& > 0.

‘We denote this as

< ap,a1, - ,am—1 > .

THEOREM 11.9 Let & be a real number. The continued fraction expansion of £ is
purely periodic if and only if £ is a real quadratic irrational number (¢ = u+vv' N
with u,v € Q, with N not a perfect square) satisfying £ > 1 and —1 < &’ < 0,
where

¢ =u—vVN.

REMARK 11.10 By real quadratic irrational number £, we mean & € Q(vN)
for some positive integer N, where N is not a perfect square.

Proof

We will first prove that if £ > 1 is a real quadratic irrational number and
—1 < ¢ <0, then ¢ is purely periodic.
We will divide our proof into several steps.

Step 1.
h N
Letgzu—f—v\m:;—i—i\/ﬁze—i_ﬁg\r. So we may write
- a+bv/N
c )

with a,b,c € Z.
Note that since

£E>1 and —-1<¢ <0,
and this implies that
b b
4 2/N>1and —1<2-2VN <.
c ¢ c c

By adding the inequalities, we conclude that a/c > 0. Similarly, by subtract-
ing the inequalities, we conclude that b/c > 0. Multiplying both sides of the
inequalities by 2, we deduce that ac > 0 and bc > 0.
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Therefore, we can write
m+ VM
q
with ¢ = ¢ >0, m = ac > 0 and M = (bc)2N. Note that

&=

M —m? = (b®N) — 2d?
is divisible by ¢ = g.
Step 2. Let
mg +vM

q0

§=¢& =

2

where gy = ¢?, m% = a®qy, M = qob>N. We observe that the following are true:

qo|(M —m2), & >1,—-1 < & <0, go > 0,mg > 0. (11.10)
Now, write

&o —ao—l-a (11.11)

Rearranging (11.11), we find that

I (apqo —mo) + VM

= o—ao (M — (aogo — mo)?)/qo)

(11.12)

Now, M — (agqo —mo)? = M —m3 — (aopqo)? + 2apqomy is divisible by g since
qo|(M — m3). So we may let

M — 2
o=—"1 (11.13)
qo0
where
mi1 = apqo — Mo (1114)
Then we may now write
mi + M
6="T100
q1

Note that the above discussion of M — m? shows that ¢;|(M — m?).
Next, & > 1 by construction since

1
fo—ClO‘Fg

Let o be the automorphism of Q(v/M) such that
o(VM)=—-—vVM (11.15)

) =
Applying o to the second equality of (11.12), we deduce that
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Now, ag > 1 and so —ap < —1. By (11.10), &) < 0 and we conclude that

1/&) =& —ao < —1.

and this implies that & > —1. It is clear that { < 0 since —1/&] < 0. Therefore

VM
the third condition of (11.16) is true. Using & = mtvi >land —1< ¢ =
q1

—VvM
M=VE <0and (11.12), we find that

q1

vM
61 — {i =2 P >0
1

or q; > 0. Next,
m
G+& =2— >0,
a1

and since ¢; > 0, we conclude that m; > 0. Collecting what we have proved so
far, we find that
q|(M —m?}), & >1,-1< €& <0, ¢ >0,m; >0. (11.16)

Step 3. We now define &,,, m,,, q,, recursively by

1 my, +vVM
fn = = ’
gnfl —Qnp-1 dn
where
An—1 = [fnfl]a
Mp = An—-14n—1 — Mp—1
and

GnGn1 = M —m?. (11.17)
We want to show that for all positive integers n,
Q| (M —m?), & >1,-1 <&, <0,q, > 0,my > 0. (11.18)

The statements in (11.18) can be established by induction and follows exactly
the same steps when we deduce (11.16) from (11.10).

Step 4.
Now, by (11.18) and (11.17), we find that

0<QnSQnQn71 :M_mZSM
Furthermore

O<m721 <mi+qn_1qn:M,

or

O<my,<VvM<M.
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Since M is fixed, we can only have finitely many possible pairs of values for
(my, g;). Therefore, there exist k£ and j with k& # j such that m; = m; and
¢j = qx- This implies that

§ =&k

for some j # k.
Step 5. We now show that the continued fraction expansion of £ is purely
periodic. Applying o to the definition of &;, we find that for i > 0,

1

& =ai+5—.

it1
We have seen from the second inequality of (11.18) that & satisfies the inequality
—1 <&l <0 forall i > 0. Hence,

1
a; < ——— <a; + 1.

i+1
Therefore,
1
a; = {_ : } (11.19)
i+1
Now, &; = & implies that
& =§;
and
&)~
1= |~z | = |~z | = %1
j k
Hence
3 + ! + ! 13
j—1 = @j—1+ — = ag—1+ — = {k—1-
o &; &k

Hence, ¢; = &, implies that {;_1 = £,—1. By continuing the above process, we
observe that

§j—r =&k—r
for 0 < r < min(j, k). If k > j, then we conclude that
§e—j =& =¢.
Hence, we may write
§=<ag, a1, - ,0k—j—1 >

and the proof is complete.
To prove the converse, we let £ be a real number and assume that the continued
fraction expansion of £ is purely periodic, say,

£:< ap, a1, " ,Ap—1 > .

By definition ag > 1 and so, £ > 1. If £ were rational, say u/v then by Euclidean
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Algorithm the continued fraction expansion of £ is finite and therefore cannot
be purely periodic.

Next, from the continued fraction expansion of £, we find, by Theorem 11.1,
that
_ §hn_1 + hn—2
B gknfl + kn72 .
From the above equation and the fact that £ is not rational, we conclude that &
is a irrational real quadratic number. Note that since ag > 1, £ > 1.

Let

§

f(@) =2®kn1 + 2(kn_z — hn_1) — hn_a.
Then f(§) = 0. By applying the map o given by (11.15) to f(§), we observe that
0=10(0) = f(o(§)) = f(£).
Hence, ¢’ is also a zero of f(z). Next, note that f(0) = —h,_2 < 0 and
f(=1) =knp1 —kpno+hpn_1—hp_2>0

since both {h, } and {k,} are increasing. Therefore, by intermediate value the-
orem, f(x) has a zero between —1 and 0. Since the zeroes of f(z) are & and &'
and that £ > 1, we conclude that —1 < &' < 0. O

REMARK 11.11  We can prove that

1
& =
§o — ag
implies that
1
& =
! o — ao
without using the field automorphism o. It suffices to show that if
1
wtovd=———

a+bvd

then

1
u—oVd= ———.
a—bvd

From the first equation, we deduce that
ua + bud + (va + ub)Vd = 1.

Since 1 and v/d are linearly independent over Q, i.e., s+tvd = 0, 5,t € Q implies
that s =t = 0, we conclude that va + ub = 0. Therefore

ua + bvd — (va + ub)vVd = 1

and this implies, by reversing what we did in the beginning, that

1
Y R
ey a—bvd
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which is what we want to show.

COROLLARY 11.12 The number v/d + [/d] is purely periodic.

’];goeojrcesults follow immediately from Theorem 11.9 by checking that
Vd+ [Vd) > 1
and
~1<[Vd-Vd<o.

THEOREM 11.13 If

\/a—k[\/;i] =< ap,a1,"-- agn >,

and
\/E:< [\/g]vala"' N
then
€n = Tn
for all integers n > 1.
Proof
Note that if {v/d} = v/d — [v/d] then
1
—=- =<0a1,02, " ,An—1,"n > .
{(Va}
But {Vd} = Vd + [Vd] — ag = Vd + [Vd] — 2[Vd] and
1
—F— =<a1,02, " ,0n— 7§n > .
(v} 1

This implies that for n > 1, &, = n,.

THEOREM 11.14 If d is a positive integer that is not a perfect square, then
hy, — dk;y = (=1)" " qnt1
for all integers n > —1, where

Mps1 + Vd
dn+1 .

gn—&-l ==
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Proof
Let n > 0. We first note that if h,/k, is the n-th convergent of V/d, then by
Theorem 11.1,

Vi = Nn+1hn + hn—1

NDnt1kn +kn_1

_ Sngrhn A+ oy

o Env1kn + kn—1
(Mpy1 + \/E)hn + qni1hn_1

= , (11.20)
(mn+1 + \/g)kn + QTL+1kn—1

where we have used the representation

Mp+41 + \/a

Ent1 =
" gn+1

and Theorem 11.13, which expresses 7, in terms of &, for n > 1. From (11.20),
we deduce that

\/g(anrlkn + QnJrlknfl) + dkn = \/ghn + (mn+1hn + qn+1h’ﬂ71)' (1121)

Next, 1 and v/d are linearly independent over Q (see the remark after Theorem
11.9. Using this observation and (11.21), we conclude that

hn = mpy1kn + gny1kn—1,
and
dkn = mpi1hn + gni1hn-1.
Therefore,
hiy = dkyy = By (M1 + Qs 1kn—1) = kn (M1 hn + drgrhin—1) = (=1)" " gng,
since
kn—1hn — hp_1k, = (—1)"71,
by (11.1). O
Now, if

Vd + [Vd] =< ag,ar, g, -1 >,
with ag = 2[v/d] then
Enr = &
But for m > 1, &, = n,,, and hence
Mnr = M

forn > 1.
Note that since
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we conclude that ¢y = ¢, = 1. Hence ¢, = 1 for all integers n > 1. Therefore,
hgnrfl _'dkgnrfl =1 (11'22)

This shows that the Pell equation is always solvable in x and y with zy # 0.
We note that if the period r is even, then we may replace 2n by n in (11.22)
to obtain

2
hnr—l

—dk2,. | =1. (11.23)

EXAMPLE 11.2 The continued fraction expansion of v/3 + [v/3] is

<2,1>.
Here r = 2. The continued fraction expansion of v/3 is < 1,1,2,1,2,--- > . By
h 2
(11.23), k_l =1 and it is immediate that z = 2 and y = 1 is a solution of
1

z2 —3y? = 1.
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12.1

12.2

Jacobi’s Triple Product ldentity
and the partition function p(n)

Jacobi’s Triple Product ldentity

Let ro(n) be the number of ways of writing n as a sum of two squares. If we can
prove that ro(p) > 0 when p = 1 (mod 4), then we would have proved that p
can be expressed as a sum of two squares. But can we do that? The answer is

[43 7

yes”.
Let
e’} -
o)=Y, ¢
j=—o00
Observe that
0%(q) = Z Z qj2+k2 = ZTQ(n)qn. (12.1)
j=—00 k=—00 n=0

We will derive a formula for r3(n) by studying the function ©(q).

The terminating ¢-binomial Theorem

Let n > 1 be an integer. The binomial theorem states that

(142)" = Zn: (Z) o (12.2)

k=0

where

<Z> - kqnnik)' (12.3)

There is a g-analogue of (12.2) and to describe this analogue, we first define the
g-analogue of (12.3).

DEFINITION 12.1 Let (q)o =1 and let

(@n=J[0 =)

j=1
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and

m = __@n (12.4)

We also let

The expression in (12.4) is a g-analogue of (12.3) since

. {n] oy Lm0 -¢?) (=g (-9t (1-gnF
k|, ool (1—q) (@) (@)n—r

(&)

Observe further that the expressions for (12.3) and (12.4) motivate us to view the
g-analogue of n! as (q),, even though (¢q), does not approach n! as g approaches
1.

The g-binomial coefficient has several interesting properties. For example, one

can verify that
k n—1 n—1
ok L%k—l]q (12.5)

q—1-

—
> 3
[Ih—
Il

and

nl  |n-—1 n—k | —1
KIS i (12.6)
q q q
When ¢ approaches 17, both (12.5) and (12.6) reduce to the well known relation
ny (n-—1 n n—1
k) \ k k—1)"
By (12.5), (12.6) and mathematical induction, we deduce that [Z} is a polyno-

mial in g. This is analogous to the fact that (Z) is an integer.

We are now ready to establish the following analogue of (12.2):

THEOREM 12.1 Let n be a positive integers, x and ¢ be independent variables.
Then

A4+z)1+2zq) - (1 +zq" 1) = i [Z} g* =D/ 2k, (12.7)
k=0 - q
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12.3 The Jacobi Triple Product Identity

Proof
We follow the approach of G. Polya and G.L. Alexanderson Denote

fx) =1 +2)1+zq) - (1+z¢" ).
Note that
(1+2)f(zq) = M+ a)(1+zq) - (1+z¢" ) (1 +zq")
= f(z)(1 + zq").
If we write

fle) =" Qxa*,
k=0

where @), is a function of g, then

1 (S 0t) = o) (Tt ).
k=0 k=0
Comparing the coefficient of =¥ on both sides, we deduce that

" Qr+d" Q11 = Q1+ q"Qr_1,

which implies that

(1-¢"Qr=d""1(1 - ¢" " Qs_1.

Hence, we find that

gy (1—gnF
(1—4g%)

Observing that Q¢ = 1 and iterating (12.8), we deduce that

Qr = Qr—1-

(1 _ qnkarl)(l _ qnkarZ) . (1 _ qn)

Op = q(k—1)+(k—2)+~~2+1

_ k(k=1)/2 [T
el

This completes the proof of (12.7).

(1= =gt (1-¢*)(1~q)

The Jacobi Triple Product Identity

In this section, we prove the following theorem:

133

(12.8)

THEOREM 12.2 Let ¢ and z be complex numbers such that |¢| < 1. Then

Yoo =]+ 27+ 27 (A - %)

j=—o0 7=

(12.9)
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REMARK 12.3 Identity (12.9) is known as the Jacobi Triple Product Identity.

Before we give the proof of (12.9), we give two special cases of the identity.

EXAMPLE 12.1 Let z = ¢ in (12.9), followed by replacing ¢ by ¢'/2. We find
that

Z qJ(J+1)/2—2H 1_|_q 1_q)

j=—o00

EXAMPLE 12.2 Let ¢ be replaced by ¢%/2, followed by letting z = —¢'/2. We
immediately deduce from (12.9) that

oo oo

3 (12 = T (1 ¢ (1—¢¥2) H (12.10)

j=—00 =1

where the last equality follows from the fact that a positive integer must be of
the form 35 — r, with » = 0,1 or 2.

Proof
Let n = 2N in (12.7) and note that

(1+z) - (1+gz) - (1+¢%2)---(1+ ¢V ')
_ QEN: (1=¢M(A =" - qu‘j“)qj(j—n/zxj
= 1= —=¢*)--(1-¢) '
Next, replace by ¢~ N2 and we find that
(14q Nao)-(1+ q‘N+1 ) (L+¢ " 22) - (14 ¢¥ )

N1y (] — g2N=i+1)

(1—-¢*")(1—¢q
‘Z C-g-¢) - 0-¢)

JG=1)/24=Ni i

Let j = N + £ on the right hand side and deduce that

(1+q¢ Vo) (L4 g Ma) (1+ ¢V 22)- - (1+ ¢V 1)
N _ _
Z (1- q (1 q2N 1) (1= qN é+l)q(N+é)((N+K)—1)/2q—N(N+é)$Z+N
(1=q)(1—g?) - (1—gN*)

N

Z (1—¢* (1—q2N‘1)~~-(1—q

(I-q)(1—¢*) - (1—g"Nth)

N—é+1) 5 v 2
(N?4€*4+2Nt—N é)/zq N?—N{, +N

EN: Q1-¢*M(1 ¢ -(1—¢

(1-q¢)(1—=¢%) (1 —gN+t)

N7£+1) 5 2
—N?/2=N/2+4%/2-0/2, t+N
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—NgN(N+1)

Multiplying both sides by z /2 and simplifying, we conclude that

(1+ qN/fr)(l +V 7 2) (L +g/z) (1 +2)(1+gz) - (1+ ¢V )

_ (1—q MA - (1-q) 1)
Z e Y e i Fe e KA

Letting N — 0o, we deduce that

[[a-a"A+ /20 + ¢ )= > gD/t (12.11)
k=1 l=—00
Replacing ¢ by ¢? and x by qx, we complete the proof of (12.9). O

REMARK 12.4 In the above proof, the replacement of N by co can be justified
by Tannery’s Theorem. The above proof is known to Gauss (1866) and Cauchy
(1843).

Jacobi’s triple product identity and sums of two squares

In this section, we will use Jacobi’s triple product identity to derive the following
identity:

THEOREM 12.5 Let |¢| < 1. Then

0 453 451

- n _ 02 _ 4 q
1+Zr2(n)q =0%(¢)=1+4 : 11_q4j—3_1_q4j—1
— j=

We give the proof which is due to M. Hirschhorn.

Proof
Replace z by —22q and ¢? by ¢ in (12.9) to deduce that

oo o0

(r—a ) [IO-22) (122" (1=g") = 30 (-1 1D/, (1212)

k=1 k=—o0

We now set k = 2n and £ = 2n+1 in the sum on the right hand side and deduce
that

o
(@—2") [ -22¢" 1 - 272" (1 - ¢¥)
k=1
0o
— Z x4n+1 2n2 +n _ Z x4n 1 2n —n
n=-—o00 n=-—o00

= B(z) — O(z), (12.13)
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where
i x4n+1q2n2+n
and ;
O(z) = i gin—1g2n’-n
Using (12.9), we deduce that 7
x)==x i ¢ High = ﬁ + 2t N1+ 27431 - ¢*F) (12.14)
j=—o0 k=1

and

_1 Z q ]x4]_x H 1+.T4 4k— 3( +r 4q4k 1)(1_q4k).

j=—00
(12.15)
We next differentiate both sides of (12.13) with respect to = and set = 1. Let

L(z)=(x—a~ H l—x q l—m_qu)(l—qk)Zx—m_l)P(m)-
k=1
Then

L'(z)=(z —2 YH)P'(2) + (1 + 273 P(x).

This implies that
L'(1) = H 1—q") (12.16)

For the right-hand-side, we obtain E’'(x) and O’(x) by logarithmically differ-
entiating the product representations of E(z) and O(z). For the function E(z),
we find that

InE(z) = lnx—l—Zln 1—1—334 4= 1 Zln(1+m_4q4j_3)+Zln(1—q4j),
j=1 j=1 j

which implies that

> 41.3 45—1 el 41.—5 45—3
/ — _ —
@) = B@) | 42 Tt~ X T a i
Jj= Jj=

Therefore,

00 451 45-3
- _ q q
E/(l) _ I | (1+q4k 1)(1+q4k 3)(1_q4k) 1+4 E W —4 E P —

k=1 j=1 j=1
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Similarly,
- a1y 4k—3 - ¢Y!
H 1+¢"* ) (14¢" 2 (1=¢") | -1 +4Z 3 T it
(12.18)
Combining (12.16), (12.17) and (12.18), we conclude that
2 [T 0= =2 [T e -¢*) 1+ 42 e Z ¢
k=1 1+4g4=3
Simplifying the above identity using the identities
[Ta+a* 0 +¢* )1 —g*) =[]+ (0 - q*)
k=1 k=1
0 1— q4k—2
- H (1 2k—1) (1-¢")
oy (=)
_ ﬁ (1-¢"")
4 (1— g% 1)
and
ﬁ (1-¢"? _ﬁ 1—¢")3(1 - ¢
P! (1 + q4k71)(1 + q4k 3 ] 1 _ q2k)
_ ﬁ (1 _ q ) (1 _ q2k—1)3(1 _ qzk—l)
P (1—¢%)
_ H(l _ q2k—1)4(1 _ q2k)2’
k=1
we deduce that
- 2%—1 ! g3
H(lfq )'(1-¢? 71+4Z Ttqu1 Zl+q4g3

k=1

We next replace ¢ by —¢g and use (12.9) to deduce that

and that

This implies that

o0 ) g3 g1
1+ ra(n)g :@(q):1+421_qﬁ*4 T 1

j=1 j=1
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Therefore,
> > q4n73 q4n71
1+ Y e =1+43 (T - )
n=1 n=1 q q
-1 +4Z Z (q(4n73)m q(4n71)m)
n=1m=1
0o
S Sl B SREED SRt P
n=1 dn d|n

d=1(mod 4) d=3(mod 4)
O

We are now ready to show that ro(p) > 0 if p is a prime of the form 4k + 1.
Note that if p is of the form 4k + 1 then the two divisors of p, namely, 1 and p,
are both of the form 4k + 1. Therefore

ra(p) =8 > 0,

using the formula for r5(n). This completes the proof that p must be of the form
24 .2
e+ y°.

The Partition Function p(n) and its Generating Function

DEFINITION 12.2 A partition of a positive integer n is a representation of n
as a sum of non-decreasing positive integers, called summands or parts of the
partition. The partition function p(n) is defined as the number of partitions of
n.

The function p(n) is not defined for n = 0 but we will set p(0) = 1.
EXAMPLE 12.3  The integer 4 has the following partitions.
4=1+3=2+2=1+1+2=1+1+1+1.
The number of partitions of 4 is 5 and we write p(4) = 5.
One of the most important identities associated with p(n) is the following.

THEOREM 12.6 For |q| < 1, we have

11 a qu) = pn)g™. (12.19)
k=1 n=0

REMARK 12.7 See the book by G.H. Hardy and E.M. Wright for a rigorous
proof of the above theorem.
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Observe from Theorem 12.6 that
1=JJa-d" > pn)g
k=1 n=0

Using (12.10), we find that

1= <1+Z gBrrD/2 G- 1)/2>Zp

= (1 + Z u+1 q(u+1)(3u+2)/2) + q(u+1)(3u+4)/2> Zp(j)qj'
j=0

Hence, we deduce that for N > 1,

p(N) = > (=DRpG) + S (). (12.20)
J,u>0 >0
g G _ o DG _

Major MacMahon, using (12.20), tabulated p(n) up to n = 200.

S. Ramanujan was the first mathematician to notice that there might be a for-
mula for determining p(n) directly without using the recurrence (12.20). Around
1918, Ramanujan and G.H. Hardy succeeded in expressing p(n) as the integer
part of a finite sum which diverges as the upper index of the summation tends
to co. In 1937, H. Rademacher discovered an exact formula of p(n) in terms
of a convergent series. A. Selberg had also independently discovered the same
formula around the same time.

Ramanujan’s Congruences for p(n)

According to G.H. Hardy, S. Ramanujan was led to three striking congruences
satisfied by p(n) when examining MacMahon’s table of p(n).
Ramanujan’s first congruence is stated in the following theorem.

THEOREM 12.8 Let n be a positive integer. Then
p(5bn — 1) =0 (mod 5). (12.21)
Proof We use (12.10) and (12.16) to deduce that

g[Ja-d")=q]J1—¢" H (1-¢"
k=1 k=1 k=1

Z Z r+s 25+1) 1+T(3T+1)/2+S(8+1)/2'

r=—o0 s=0
Observe that when
1+7rBr+1)/24+s(s+1)/2
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is a multiple of 5, then
2+ 3r2 +r+s2+5=0 (mod 5).
Multiplying both sides by 4, we conclude that
3+ 2r% +4r + 45> + 45 = 0 (mod 5),
which implies that
2(r +1)* 4 (25 + 1) = 0 (mod 5). (12.22)
Now, we find that
2M? + N? =0 (mod 5)
has a solution if
N? = —2M? (mod 5). (12.23)
If M #0 (mod 5), then (12.23) implies that NM ! is a solution of
r? = —2 (mod 5).

This is false since —2 is not a quadratic residue modulo 5. Hence, if (12.23) holds,
we must have

M =0 (mod 5)
and
N =0 (mod 5).
Returning to (12.22), we observe that if (12.22) holds, then
25+ 1=0 (mod 5). (12.24)

If we write
o0 o0
g[[a-am'=>"a;d,
n=1 §=0

then the coefficient of ¢®/ in the above expansion is given by
oo
as; = > (=1)(2s+1) =0 (mod 5), (12.25)

r,§=—00

1+7(3r+1)/2+s(s+1)/2=5j

where our last congruence follows from (12.24).
Next, we recall that if f(q) and g(q) are two power series with integral coeffi-
cients, then for any prime p, we write

f(g) = g(q) (mod p)
if
f(q) —g(q) = ph(q)



12.6 Ramanujan’s Congruences for p(n) 141

for some power series h(q) with integral coefficients. Observe that
1— ¢ =(1-g¢")° (mod5)

and this implies that

H a=q" EqH(l—q (mod 5)
= n=1
Thus, by (12.19), we deduce that
o o0 1
= j
>t ZH
7=0 =1
o
= ¢ Zp (mod 5). (12.26)

7=0

Comparing coefficients of ¢°™ on both sides of (12.26), we conclude that
p(bm —1) = Z as;p(¢) =0 (mod 5),
5j+50=5m

where the last congruence follows from (12.25).

O
Besides (12.21), Ramanujan also discovered the congruences
p("n —2) =0 (mod 7) (12.27)
and
p(11n —5) =0 (mod 11). (12.28)

The proof of (12.27) is similar to the proof of (12.21).

REMARK 12.9 In order to give a proof similar to Ramanujan’s method for
(12.28), one would need to consider the series expansion of [],—,(1 — ¢*)*.
Ramanujan did not have a series representation of the above product. This was
provided by L. Winquist. He showed that

ﬁl—q Z Z 1) (20 + 1) (6p + 1)
k=1

V=—00 I=—00

((31/ +1)Br+2) 3p@Bp+ 1)) D/ 2Bt /2

4 4
(12.29)

and provided the first published proof of (12.28) in the spirit of Ramanujan’s
proof of (12.21) and (12.27). Winquist’s identity (12.29) can be interpreted as a
special case of Macdonald’s identity for twisted affine Kac-Moody algebras.



